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A B S T R A C T

This study investigates the mechanisms behind the great mechanical properties observed at room temperature for 
a dual-phase Ti-6Al-2Sn-4Zr-2Mo-Si titanium alloy with equiaxed (α + β) microstructures. More precisely, 
analyzing the material deformation modes and the possible effects of β fraction and grain size was done to better 
understand such micromechanisms. With this idea in mind, uniaxial tensile deformation tests were performed at 
room temperature, and the resulting mechanical behaviors were analyzed. It was observed that increasing β 
fraction would enhance the overall ductility and work hardening while conversely decreasing the material 
resistance. Additionally, the material strengthening due to grain size effect, quantified by the Hall-Petch 
parameter, was also found to be dependent on β fraction. Slip trace analysis was conducted to understand the 
effects of grain size and β fraction on the activation of the basal<a> , prismatic<a> , and pyramidal<c+a> slip 
systems and their critical resolved shear stress (CRSS) ratios were established. The qualitative study of CRSS 
ratios revealed that at smaller grain sizes, the basal<a> slip systems were dominant (e.g. basal/prismatic CRSS 
ratio of 0.86 for d=2.98 µm) whereas the prismatic<a> slip systems were prevalent and more easily activated for 
coarser grains (e.g. basal/prismatic CRSS ratio of 1.19 for d=4.21 µm). Such CRSS ratios were then used to 
identify the material parameters of a self-consistent multiscale model employed to reproduce the tensile be
haviors. For a more quantitative analysis, the CRSS values were evaluated and correlated to grain sizes with Hall- 
Petch relations. Clear correlations regarding grain size and β fraction were found for the CRSS of prismatic<a>

and pyramidal<c+a> systems. However, special attention was given to the ambiguous results regarding 
basal<a> slip systems because of the potential manifestation of the compatibility stresses and grain boundary 
sliding mechanisms due to the higher density of grain boundaries at small grain sizes.   

1. Introduction

With the rise of titanium and its alloys in the aerospace, biomedical,
and defense industries, the need to understand how such materials 
behave has been growing consequently. Microstructural features such as 
grain morphologies, phase constituents, and grain sizes constitute 
important elements in grasping the mechanical responses of titanium 
alloys [1–3]. For instance, it is known that controlling the morphology of 
the microstructure affects its strength and ductility [3,4] such as 
globular-equiaxed grains would be more ductile but less resistant than 
well-oriented lamellar grains. Additionally, it has been studied with the 
Hall-Petch relationship that the mesoscale grain size directly influences 

the material strength [3,5,6]. 
This macroscopic relation, however, does not fully explain the 

strengthening mechanisms which happen at microscales. With the intent 
of describing the micromechanisms governing plastic deformation in 
grains, the crystal plasticity theory has been developed and used [7,8]. It 
is well-established that the deformation of polycrystalline materials is 
affected by the interaction of individual grains. As such, crystal plas
ticity seeks to understand the relationship between individual grains and 
the global mechanical behavior of the material. Self-consistent models 
are one approach to modeling this relationship [9,10]. They rely on 
mathematical algorithms to simulate the deformation behavior of indi
vidual grains, considering their crystallographic orientation and shape. 



Then, the overall mechanical response can be obtained by combining the 
deformation behavior of individual grains and their interactions. 

By studying the crystallographic deformation modes (e.g. slip and 
twinning), we can further understand the plastic deformation in crys
talline (metallic) materials. The formation and movement of disloca
tions, which are linear crystallographic defects or irregularities in the 
crystal structure, are the main reasons for causing slips. For some tita
nium alloys such as the Ti-6Al-4V or the Ti-6Al-2Sn-4Zr-2Mo-Si, slips are 
the most usual deformation mechanisms, especially at room tempera
ture [11,12], and occur on specific planes and directions, respectively 
called slip planes and slip directions. Slip systems are sets of symmet
rically identical slip planes paired with specific slip directions. These 
characteristics depend on the material and the application temperature 
[13]. 

In this study, we focus on a Ti-6Al-2Sn-4Zr-2Mo-Si (Ti-6242S) tita
nium alloy. Thanks to the extra addition of molybdenum and silicon, this 
alloy can be used at higher temperatures (≃500 ◦C), has better creep 
properties than the popular Ti-6Al-4V alloy (≃350–400 ◦C) and is used 
for engine parts. It is also expected the Ti-6242S could be used as a 
replacement for Ti-64 for lower temperature usage thanks to its better 
strength (weight saving). Recent research [3] has revealed the Ti-6242S 
alloy could also exhibit great mechanical properties at room tempera
ture, comparable to those of the Ti-6Al-4V alloy. The Ti-6242S is a near α 
alloy that can display hexagonal close-packed (HCP) α and/or 
body-centered cubic (BCC) β crystal structures. HCP crystals 
essentially deform in five main slip system families 
which are basal<a> {0001}〈1120〉, prismatic<a> {1010}〈1120〉, 
pyramidal<a> {1011}〈1120〉, first-order pyramidal<c+a>

{1011}〈1123〉, and second-order pyramidal<c+a> {1122}〈1123〉. 
However, previous studies [13–15] have shown that basal and prismatic 
systems exhibited lower critical resolved shear stress (CRSS) to initiate 
slip, meaning that such systems are more likely to activate compared to 
pyramidal systems. Yet, prismatic<a> and basal<a> slips can only 
induce deformation along the <a> direction. Therefore, and because 
twinning has not been observed in such alloy at room temperature [11, 
12], only pyramidal<c+a> slips can accommodate strains along the 
<c> axis during plastic deformation. As for the BCC crystals,
{110}〈111〉, {112}〈111〉, and {123}〈111〉 are the main slip system
families. 

Thanks to crystal plasticity models, it has been possible to fairly 
evaluate the relationships between microscopic slips and macroscopic 
deformation behaviors [16,17], texture evolutions [18,19], or plasticity 
[20] in HCP metals. Contrarily, models predicting deformation in BCC
metals are not as accurate as for HCP metals. Indeed, due to the
numerous slip systems possible consisting of 12 {110}〈111〉, 12
{112}〈111〉, and 24 {123}〈111〉 systems, the number of parameters to 
consider and the model complexity are larger. To face such issues, 
models using pencil glide mechanisms were developed and proved to be 
equivalent while reducing computational times [21–23]. 

CRSS values are important material parameters in crystal plasticity 

computations. However, there is no agreement on standard CRSS values 
as they are heavily influenced by the material features and the experi
mental conditions [8,13–16,24,25]. Recently, slip trace analysis has 
emerged as one method to estimate CRSS ratios by comparing experi
mental traces observed in SEM with theoretical traces calculated from 
EBSD orientation maps [13,14,24,25]. H. Li et al. (2013) [24] proposed 
a complementary analysis using a statistical resampling technique of 
bootstrapping to minimize the experimental observations and adjust the 
CRSS ratios. 

This paper aims to investigate why the Ti-6242S alloy displayed 
excellent mechanical properties at room temperature in the author’s 
previous work [3]. Therefore, we opted to study the alloy microstruc
tures and their deformation modes to examine these previous findings. 
In detail, we focused on checking if grain size and/or β fraction had any 
effects on the deformation modes of such Ti-6242S alloy with equiaxed 
(α + β) microstructures. A preliminary study on a macroscale level was 
made to understand the links between grain size, β fraction, and material 
strength with an extension of the Hall-Petch equation to dual-phase 
microstructures. Slip trace analysis was then carried out for several 
equiaxed microstructure conditions in order to get CRSS ratios and a 
qualitative understanding of the activation of the slip systems. Using 
such experimental CRSS ratios, a numerical multiscale model was 
implemented to reproduce the uniaxial tensile behaviors at room tem
perature. Fitting the tensile curves by optimizing the numerical pa
rameters allowed us to compute CRSS values. Using Hall-Petch 
relationships, we investigated the links between grain sizes and CRSS to 
get a quantitative analysis of the main deformation modes in equiaxed 
(α + β) microstructures. 

2. Experimental procedures

2.1. Heat treatment processes

The titanium alloy Ti-6Al-2Sn-4Zr-2Mo-Si (Ti-6242S) was used in 
this research. More specifically, its chemical composition (in wt%) 
consisted of 6.1Al, 2.0Sn, 4.1Zr, 2.0Mo, 0.12Si, 0.1O, 0.02N, and bal
ance Ti. As received plates of 4 mm thickness were hot rolled at 850 ◦C 
so that the rolled plates achieved a thickness of 1.3 mm. The equiaxed 
(α + β) microstructure with globular α grains was looked into for several 
heat treatment conditions. Indeed, we conducted annealing at both 
800 ◦C and 900 ◦C for several holding times varying from 30 min to 
240 min followed by air cooling (see Fig. 1.). 

2.2. Microstructure observations 

We used a JEOL JSM-7001F field emission gun scanning electron 
microscope (FE-SEM) fitted with an electron back-scattering diffraction 
(EBSD) analyzer equipped with the HKL Channel 5 software in order to 
observe the microstructures of the different samples. EBSD mapping was 
done using an acceleration voltage of 15 kV, a beam current of 17 nA, 
and a step size of 0.15 µm (microstructure average grain sizes range 
between 2 µm and 5 µm). Concerning the phase parameters, the HCP α 
was indexed to the 6/mmm Laue group (hexagonal high) with unit cell 
lengths of a=b= 2.95 Å and c= 4.73 Å. The BCC β phase was indexed to 
the m3m Laue group (cubic high) with unit cell lengths of 
a=b=c= 3.19 Å. Grain sizes and phase proportions were estimated with 
the ImageJ software and using a statistical procedure (mean value of 
several grain sizes from several SEM micrographs). We considered 
grains as spherical inclusions (circular in 2D) and computed the average 
grain size by measuring the surface area S and linking it to an equivalent 
diameter with deq = 2

̅̅̅̅̅̅̅̅
S/π

√
. Additionally, a dislocation substructure 

was observed by TEM (JEM-2100F, JEOL, Japan) on thin-foil specimens 
prepared using an ion-polishing system. 

Fig. 1. Thermo-mechanical processing routes of equiaxed (α + β) 
microstructures. 



2.3. Tensile tests 

Relevant tensile properties such as 0.2% proof stress, ultimate tensile 
strength (UTS), and elongation to fracture were measured by tensile 
testing in the rolling direction (tensile and rolling directions are paral
lel). Regarding the slip trace analysis, tensile testing was interrupted at 
approximately 5% of strain with the tensile direction of the sample 
perpendicular (90 ◦) to the rolling direction so that slip traces could be 
more heterogeneously activated. 

In each case, the tensile specimens had a gauge of 10.5 mm, a width 
of 2 mm, and a thickness of 1.2 mm. We performed the tensile tests at 
room temperature, in air atmosphere, and with an initial strain rate of 
5 × 10-4 s-1. Because the study is performed at room temperature, the 
dominant deformation modes consist mainly of 
basal<a> {0001}〈1120〉, prismatic<a> {1010}〈1120〉, and first-order 
pyramidal<c+a> {1011}〈1123〉 slip systems [13]. 

2.4. Slip trace analysis 

Slip trace analysis was carried out following the methodology 
described in [14,24]. In the present study, we only analyzed the grains 
individually and did not consider slip transfer i.e. the contribution of the 
neighboring grains. Therefore, the effects of texture are limited. How
ever, we do investigate the effects of grain size which can modify the 

nature of the grain boundaries and play a role in slip activity. This topic 
will be discussed later in the results section. 

Moreover, slip trace analysis was only performed on the α phase 
because clear and visible traces could only be observed for such grains. 
On the contrary, we couldn’t investigate clearly the slip traces of the β 
phase which was left as an accommodating phase. Indeed, the softer BCC 
β phase allows to accommodate strains in the microstructure and its 
proportion is believed to influence the deformation modes of the HCP α 
phase. 

Regarding the methodology (portrayed in Fig. 2), we first compared 
the experimental slips that could be observed inside the grains in the 
SEM with the theoretical slips of basal<a> , prismatic<a> , and pyr
amidal<c+a> systems. The theoretical slips were computed thanks to 
Euler angles obtained by EBSD mapping and a Matlab script using the 
MTEX toolbox [26]. The selection of the effective slips was then deter
mined thanks to the Schmid factors and by looking at how close the 
angles of the experimental slips were to the theoretical slips. 

Secondly, a statistical method of resampling by bootstrapping 
inspired by Li. et al. (2013) [24] and adapted in [14] was used to 
minimize the error between the number of experimental slips observed 
and the number of potential slips given by EBSD analysis. Such error is 
defined as: 

Er =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∑

ij(Oij − c
τc

j
..Eij)

√
with Eij =

Pij .(
j− 1
Ni

)
3

∑
ij
Pij .(

j− 1
Ni

)
3.No.

Fig. 2. Methodology for slip trace analysis.  



where i is the Schmid factor bin (slip systems were binned regarding 
their Schmid factor with an increment of 0.05), j is the kind of slip 
system (basal<a>, prismatic<a>, and pyramidal<c+a>), Oij are the 
observed (experimental) slip systems, Pij the potential (theoretical) slip 
systems, Eij the expected (theoretical resampled by a cubic function and 
taking into account the experimental distribution) slip systems, Ni the 
total number of bins, No the total number of observed slip systems, τc

j is 
the CRSS of slip system j, and c is an unknown constant homogeneous to 
a constraint (MPa). By minimizing this error, it is possible to assess the 
CRSS: 

∂Er

∂τc
j

= 0⇒τc
j = c.

∑
i(Eij)

2

∑
iOijEij

and computing CRSS ratios allows to remove the unknown constant c. 
This optimized correction and the number of experimental observations 
(above 150 grains) give a more realistic approach to represent the 
average behavior (local heterogeneities are disregarded) of the material. 
Thanks to slip trace analysis, the CRSS ratios of basal<a> , 
prismatic<a> , and pyramidal<c+a> slip systems could be determined 
for different grain sizes and phase proportions. 

2.5. Numerical simulation using multiscale modeling 

2.5.1. Mean field approach 
The multiscale model used consists of a general formulation of the 

self-consistent scheme proposed by Berveiller and Zaoui (1979) [9]. The 

Fig. 3. Typical a. SEM images and b. EBSD pole figures of equiaxed (α + β) microstructures for the two studied β fractions.  



model is particularly adapted for isotropic elastoplastic intergranular 
accommodation for plastically flowing polycrystals and is applied here 
to uniaxial tensile tests. The scale transition is defined as: 

σij = Σij + 2αμ(1 − β)
(
Ep

ij − ϵp
ij
)

where Σij is the uniform macroscopic stress, Ep
ij is the equivalent 

macroscopic plastic strain, σij and ϵij are respectively the uniform stress 
and uniform plastic strain applied in a specific grain. 

The parameters α and β are expressed as functions of the Lame’s 
coefficient μ and the Poisson’s ratio ν as: 

1
α = 1 +

3
2

μ Ep

Σ
& β =

2(4 − 5ν)

15(1 − ν)

The chosen definition of α is an approximate expression of the initial 
definition used for smaller computation times and described in [9]. 
Thanks to this scale transition, it is possible to link the macroscopic 
fields (Σij, Ep

ij) with the local fields at the grain scale (σij, ϵp
ij). 

2.5.2. Local constitutive equations 
The Ti-6242S with equiaxed (α + β) microstructure contains HCP α 

grains and BCC β grains. The local constitutive equations of the Méric- 
Cailletaud model [27] are defined for each slip system of such grains. 

Therefore, in this study, we focus on basal<a> {0001}〈1120〉, 
prismatic<a> {1010}〈1120〉, and pyramidal<c+a> {1011}〈1123〉

slips for the HCP grains and {110}< 111 > and {112}< 111 > slips for 
the BCC grains. However, to shorten computation times, the pencil glide 
model [21–23] was used instead of {110}< 111 > and {112}<

111 > slips. 
In this model, the resolved shear stress τs of a slip system (s) is given 

by the Schmid’s law: 

τs = σ̿
g

: m̿ s  

where σ̿
g 

is the stress tensor in a grain (g) and m
̿ s 

is the orientation 
tensor of the slip system (s) defined as: 

m̿ s

=
1
2

( l
→s

⨂ n→s
+ n→s⨂ l

→s
)

with n→s and l
→s 

being the unit vectors of respectively the slip plane
normal and the slip direction. 

For each slip system, it is possible to describe the hardening of the 
material thanks to internal variables like isotropic hardening Rs and 
kinematic hardening Xs . However, because only monotonic tensile 

behavior is modeled in this study, hardening parameters can only be 
calibrated for isotropic hardening [28–30]. Indeed, cyclic loading con
ditions should be required to clearly distinguish isotropic and kinematic 
hardenings so that the parameters of both hardening variables can be 
calibrated. Therefore, kinematic hardening was neglected in this study 
and the viscoplastic shear rate γ̇s can be written as the Norton type law: 

γ̇S =

〈
τs − Rs

K

〉n

⋅sign (τs) with 〈x〉 = max (x, 0)

In this equation, n and K are parameters controlling the viscosity. 
Previous studies have shown there were very little effects of strain rate 
on the flow stress of such titanium alloys at room temperature [31,32]. 
Therefore, these viscous parameters were manually calibrated in order 
to have low viscous effects (i.e. no effect of strain rate) and were set to 
n = 10 and K= 5 MPa for each slip system. The isotropic hardening is 

defined as a non-linear function involving an interaction matrix h
̿ 

with 
self and latent hardening: 

Rs = Rs
0 + Qs

∑

j
hs

j (1 − e− bsvj
) with v̇j =

⃒
⃒γ̇j

⃒
⃒.

The interaction matrix of the HCP α phase is a symmetric matrix and 
characterized as:   

Because there is very little information on the interaction parameters 
of titanium alloys, self-hardening parameters were set to h1s= 1, latent 
parameters between systems of the same family (e.g. basal-basal in
teractions) were fixed at h2s=h3s= 1 and latent parameters between 
systems from different families were set to hb− p= hb− py= 1.2 while in
teractions between prismatic and pyramidal systems were neglected 
(hp− py=0) as results from N. Bertin et al. (2014) [20] imply. Nonetheless, 
it also simplifies a lot the optimization process as there are fewer pa
rameters to optimize. 

Finally, the plastic deformation can be calculated for each grain as 
the result of all slips: 

ϵ̇p
̿

= Σsγ̇sm̿ s  

2.5.3. Optimization process and RVE 
Apart from the viscous and interaction parameters that were 

manually set as described in the previous part, only the isotropic hard
ening parameters of each slip system were identified by optimization 
process using a genetic algorithm. We took into consideration the CRSS 
ratios found with slip trace analysis in order to constrain the R0 (CRSS) 
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parameters between the different slip systems. Moreover, we chose to 
put optimization limits so that prismatic<a> CRSS would be located 
around 300 MPa to be close to the literature [14,33–35]. We also 
decided to bind the saturation stress parameters Q to R0 with an 
equivalent ratio measured on the macroscopic tensile curve using: Qs =

Rs
0.

UTS− Rp02
UTS . The idea was to restrict Q because we observed it had less 

effect on the simulation results and was quite free as compared to R0 and 
the saturation rate b. Finally, we chose to keep identical saturation rates 
for each slip system in order to keep some consistency when analyzing 
the different microstructures and to mainly focus on the effect of CRSS. 

Concerning the number of grains studied, grain orientations were 
manually picked up for each grain α present in the EBSD map. Using 
their Schmid factor, the α grains were then classified into potential 
categories (basal, prismatic, pyramidal, mix basal-prismatic, mix basal- 
pyramidal). Finally, we clustered the grains according to their statistical 
distribution in the EBSD map so that the same relative amount of cate
gory was represented in the clusters. Regarding the β grains, we chose to 
give them random orientations as we believe they are not really 
textured. Representative volume elements (RVE) of 10, 20, 30, 50, and 
80 grains were composed following this clustering method and tested on 
the simulations. It was found no significant changes were observed be
tween the different RVEs so the one of 30 grains was arbitrarily chosen 
to keep a safe margin. 

3. Results and discussion

3.1. Typical microstructures

We examined equiaxed (α + β) microstructures of a Ti-6242S alloy 
for various treatment conditions. Heat treating the alloy at temperatures 
lower than the β transus of 990 ◦C allowed the co-existence of HCP α and 
BCC β phases. 

Typical SEM micrographs show the microstructures in Fig. 3(a) 
where the black phase corresponds to α and the white one to β. For a 
given treatment temperature (800 ◦C or 900 ◦C), we observed static 
grain growth occurring regarding holding times. Indeed, the longer the 
treatment was, the coarser the α grains would grow. At 900 ◦C, the 
breakdown regarding holding times is as follows: 30 min (2.98 µm), 
60 min (3.40 µm), 90 min (3.42 µm), 180 min (4.14 µm), and 240 min 
(4.21 µm). At 800 ◦C, we measured: 30 min (2.09 µm), 90 min 
(2.23 µm), and 240 min (2.46 µm). 

Static grain growth is a thermal-activated process. Therefore, the 
grain sizes and their growth rate were fairly different for the two tem
peratures. However, the most significant change observed between the 
two temperatures was the phase proportions where microstructures at 
800 ◦C would show around 13% of β for 26% at 900 ◦C (see Fig. 3(a)). 
Moreover, we did not notice any effects of the holding times on the 
phase proportions. 

Due to the hot rolling process, the samples we used had specific 
crystallographic orientations. Typical pole figures for the two temper
atures studied are displayed in Fig. 3(b). Thanks to them, we could check 
that the microstructures had strong basal textures in the transverse di
rection and that prismatic systems were favorably oriented close to the 
rolling direction. These observations were relevant because the me
chanical properties of our microstructures were evaluated by tensile test 
with the tensile direction being parallel to the rolling direction. It has 
been shown that the texture of titanium alloys plays a significant role in 
the mechanical properties [1,2,36]. Therefore, a multiscale analysis of 
the grains behavior would highly emphasize the activation of prismatic 
slip systems during such tensile testing. 

3.2. Tensile behaviors 

Thanks to uniaxial tensile testing, we assessed the flow behaviors of 
our samples. Fig. 4(a) highlights the typical stress-strain curves we 

analyzed. We noticed β fraction was connected to the increase of 
ductility and work hardening ability of the equiaxed (α + β) micro
structures as previous work also suggested [3,37]. In (α + β) titanium 
alloys, β phase is recognized to be more ductile than α phase due to the 
greater number of slip systems that can be activated in BCC crystals (β) 
rather than in HCP crystals (α). Indeed, the multiple possible slips among 
the 12 {110}〈111〉, 12 {112}〈111〉, and 24 {123}〈111〉 systems (total of 
48) of BCC crystals grant better deformation properties than the
restricted number of 3 basal<a> {0001}〈1120〉, 3
prismatic<a> {1010}〈1120〉, 6 pyramidal<a> {1011}〈1120〉, 12
first-order pyramidal<c+a> {1011}〈1123〉, and 6 second-order
pyramidal<c+a> {1122}〈1123〉 slip systems (30 in total) in HCP crys
tals. Therefore, the higher proportion of BCC β (=26%) in the 900 ◦C
samples is one first factor to explain its better ductility.

In greater detail, we believe the annealing temperature is at the 
origin of the ductility and work hardening improvement. First, many 
dislocations were introduced in the material by forging (hot-rolling) 
process, resulting in greater strength but lower ductility as it can be seen 
in the as-rolled tensile curve in Fig. 4(a). The annealing treatment led to 
the annihilation of dislocations which is a mechanism that increases the 
ductility. The higher temperature of 900 ◦C allows to annihilate more 
dislocations and could be another factor for its better ductility compared 
to 800 ◦C. While some dislocations have been annihilated, most of the 
remaining ones concentrate at grain boundaries. For confirmation pur
poses, we measured local misorientations using the Kernel Average 
Misorientation (KAM) measures and by combining several EBSD maps (3 
locations for each treatment condition). At 800 ◦C, average KAM values 
of 1.09◦ and 0.97◦ were respectively found for holding times of 30 mins 
and 90 mins while the average KAM value went down to 0.66◦ for 
240 mins. At 900 ◦C, the average KAM values were found constant (from 
0.69◦ for 30 mins to 0.72◦ for 240 mins). Therefore, we indeed 
measured full dislocation annihilation at 900 ◦C whereas some dislo
cations still remained for short holding times at 800 ◦C. 

Previous researches [38–40] have shown that α-β interfaces would 
induce more piled-up dislocations at boundaries and result in an in
crease of both the ductility and the work hardening. β fraction being 
higher at 900 ◦C (β = 26%) than at 800 ◦C (β = 13%), the better work 
hardening ability and ductility of the 900 ◦C samples could also be 
explained thanks to this greater density of α-β interfaces. On the other 
hand, we noticed the material strength, especially its proof stress is 
influenced by both β fraction and grain size. Fig. 4(b) relates grain size to 
proof strength through a Hall-Petch relation and shows different global 
Hall-Petch constants regarding β fraction. Z. Fan et al. (1993) [6] pro
posed an extension of the Hall-Petch relation to dual-phase alloys in 
which the global Hall-Petch constant can be written as functions of α-α, 
β-β, and α-β boundary contributions: 

kc
y = kα

y fαc + kβ
y fβc + kαβ

y Fs 

with kc
y, kα

y , kβ
y, and kαβ

y being respectively the global, α, β, and α-β 
(boundary) Hall-Petch constants, Fs the degree of separation of an α-β 
mixture (fraction of α-β boundaries). fαc and fβc are the continuous vol
ume fractions defined as functions of fα and fβ volume fractions of α and β 
phases: 

Fs =
fαfβ(dα + dβ)

fαdβ + fβdα
, fαc =

f 2
α dβ

fαdβ + fβdα
, fβc =

f 2
β dα

fαdβ + fβdα

knowing dα and dβ, the grain sizes of α and β fraction respectively. 
Considering this, we can understand that decreasing β from 26% to 13% 
would imply kα

y , the Hall-Petch constant of the α phase, is given more 
importance in characterizing the global Hall-Petch constant kc

y because 
there are less β and α-β boundaries. α phase being harder than β phase, it 
can explain why we observe such differences in the global Hall-Petch 
constants we measured experimentally and why strength was more 
sensitive to grain size at lower β proportions. 



Fig. 4. a. Typical tensile stress-strain curves of equiaxed (α + β) microstructures b. Macroscopic Hall-Petch relations.  

Table 1 
Microstructural, topological, and Hall-Petch parameters used/computed with the extended Hall-Petch equation.  

Heating temperature dα (μm) dβ (μm) ky
c (MPa. μm1/2) fα (-) fβ (-) fαc (-) fβc (-) Fs (-) ky

α (MPa. μm1/2) ky
β (MPa. μm1/2) ky

αβ (MPa. μm1/2) 

900 ◦C  4  1    0.76  0.24  0.31  0.15  0.54    
800 ◦C  4  1    0.87  0.13 0.54 0.05 0.41 
900 ◦C  4.14  2.42  472  0.76  0.24  0.46  0.10  0.44 4524 -123 -3630 
800 ◦C  2.46  0.66  2105  0.87  0.13 0.69 0.03 0.28  

Fig. 5. Typical EBSD IPF maps regarding tensile direction of equiaxed (α + β) microstructures with the rolling direction a. parallel to the tensile direction and b. 
perpendicular to the tensile direction. 



To picture the relative importances given to α-α, β-β and α-β 
boundaries, we computed fαc, fβc, and Fs for a hypothetical scenario and 
for our experimental data (Table 1). The hypothetical scenario consists 
of α and β grain sizes that don’t change with β fraction (respectively 
4 µm and 1 µm). Therefore, this scenario only emphasizes the effect of 
phase proportions. As mentioned earlier, kα

y is indeed given more 
importance when decreasing β fraction with fαc (proportion of α-α in
terfaces) increasing from 0.31 to 0.54 while kβ

y and kαβ
y importances 

decrease with fβc and Fs going down from 0.15 to 0.05 and 0.54 to 0.41 
respectively. 

The same observation can be made when we consider our set of 
experimental data where both grain sizes and phase proportions are 
taken into account. fαc also increases with greater values (0.46 to 0.69) 
while fβc and Fs values are lower. These results highlight the importance 
given to α-α boundaries as compared to β-β and α-β boundaries in the 
material strengthening due to grain size effect (kc

y). Indeed, the Hall- 
Petch constant denotes the contribution of grain boundaries to the ma

terial yielding or, in other words, the resistance of grain boundaries 
against the movement of dislocations. Here, we can understand the 
stronger kc

y at β = 13% comes from the higher density of α-α interfaces 
that are more resistant to dislocations movement (i.e. slip propagation) 
than β-β and α-β interfaces (i.e. kα

y>kβ
y and kα

y>kαβ
y ). 

The Hall-Petch parameter can be related to grain boundaries or even 
dislocations and many models have emerged. Among the dislocations 
pile-up-based models which consider that stresses generated by dislo
cation pile-ups would activate Frank-read source mechanisms in adja
cent grains, R.W. Armstrong et al. (1962) [41] proposed an expression 
that considers the effect of crystal structure through the Taylor factor: 

k = m2τc
̅̅
l

√

where τc is the CRSS of a deformation mode, m the Taylor orientation 
factor, and l the distance from the grain boundary. Alternatively, J.C. Li 
(1963) [42] proposed a model based on grain boundary sources where 

Fig. 6. Typical SEM micrographs with slipped grains and the respective repartitions of the activated slip systems.  



dislocations are generated from grain boundaries at yielding and 
strengthen the material through the Taylor equation: 

k = αGb
̅̅̅̅̅
3s

√

with α a material-dependent constant, G the shear modulus, b the Bur
ger’s vector, and s the line length of dislocation emitted per unit area of 
grain boundary. M.F. Ashby (1970) [43] proposed another type of model 
related to geometrically necessary dislocations (GNDs) and stated that 
compatible deformation of individual grains in a polycrystal required 
the introduction of GNDs which affect strength through a Taylor 
equation: 

k = αGb
̅̅̅̅̅
bε
4

√

with
bε
4d

= ρGND + ρSS

where α, G, and b are the same as above, ε is the plastic strain, ρGND and 
ρSS the respective GND and statistically stored dislocation densities. 
Other researchers, such as J. Luo and Z. Wang (2007) [44] have inter
estingly suggested the material strengthening effect due to grain 
boundary was mainly the result of the grain boundary energy density: 

k = βG
̅̅̅̅̅̅̅̅̅
2a0γ

√

In this equation, β is a material-independent constant used for 
dimension consistency, G denotes the shear modulus, a0 the lattice 
parameter, and γ the grain boundary surface energy. By seeing the 
multitude of models available to define the Hall-Petch constant, we can 
understand it is quite difficult to produce consistent results as they al
ways depend on material constants. However, we can figure out whether 
the dislocations (pile-up dislocations at grain boundaries and/or GNDs) 
and/or the grain boundaries themselves play a big role in this 
strengthening thanks to grain size effect. 

Thanks to the extended equation proposed by Z. Fan et al. (1993) [6] 
detailed earlier, we tried to compute the different ky from our experi
mental data. The starting point of the calculation is a strong hypothesis 
of ki

y(β = 26%)=ki
y(β = 13%) for i = α,β, αβ. This hypothesis means that 

the mesoscopic Hall-Petch parameters are independent of β fraction. 
Thanks to that, we could obtain the system of three variables for two 
equations: 
⎧
⎨

⎩

0.46kα
y + 0.10kβ

y + 0.44kαβ
y = 472(1)

0.69kα
y + 0.03kβ

y + 0.28kαβ
y = 2105(2)

Using elementary operations, we can remove the kβ
y term in the first 

line (1) using the second line (2) with (1’) ← (1)− 0.10/0.03(2). On the 
other hand, we can neglect the contribution of kβ

y in (2) thanks to 
fβc<<Fs<fαc (0.03<<0.28 <0.69). With these operations, we now have 
two variables remaining for two equations: 
⎧
⎨

⎩

1.84kα
y + 0.49kαβ

y = 6545(1′)
0.69kα

y + 0.28kαβ
y = 2105(2′)

We can finally solve the system and compute kα
y and kαβ

y , then inject 
them into (1) to calculate kβ

y. The values are compiled in Table 1. It 
appears the results are surprisingly peculiar and inconsistent with the 
experimental values found in [6,45], especially for the negative 
kβ

y= − 123 MPa.μm1/2 and highly negative kαβ
y = − 3630 MPa.μm1/2. 

Such inverse Hall-Petch results would imply that β-β and α-β interfaces 
soften the material when decreasing grain size with α-β interfaces being 
very sensitive to grain size. It suggests that β boundaries assist the 
movement of dislocations instead of simply opposing it with moderate 
resistance as compared to α boundaries. Concerning these results, we 

Fig. 7. TEM bright field image and selected area diffraction pattern (beam 
direction corresponds to 〈0001〉) taken from an α grain in a deformed specimen 
(d=3.40 µm) with a plastic strain of 12%. 

Table 2 
CRSS ratio results and comparison with literature.  

Alloy used Basal<a> Pyramidal<c+a> Reference 

Ti-6242S 0.82 - 1.2 4.08 - 5.78 Present study 
Ti-6242S 1.06 1.80 [33] 
Ti-6Al-4V 1 - 1.5 3.0 - 3.5 [19] 
Ti-6Al-4V 1.33 - 1.41 2.72 - 3.41 [14] 
Ti-6Al-4V 0.93 - 1.3 1.1 - 1.6 [38] 
Ti-6Al-4V 1.43 4.23 [39] 
Ti-6Al-4V 0.93 1.80 [34] 
Ti-6Al-4V 1.13 1.61 [40] 
Ti-6Al-4V 1.14 1.59 [16] 
Ti-6Al 1.01 2.64 [35] 
Ti-6Al 0.95 3.85 [17]  

Fig. 8. Evolution of the CRSS ratios for basal<a> and pyr
amidal<c+a> slip systems. 



can think by contradiction and state that our initial hypothesis might be 
false, meaning that ki

y should not be unrelated to β fraction. Therefore, 
we concluded that both the macroscopic kc

y and the mesoscopic kα
y , kβ

y, 
and kαβ

y were indeed dependent on β fraction. 

3.3. Slip trace analysis 

In this study and as a first approach, we decided to measure and use 
CRSS ratios unrelated to crystallographic texture even though we model 
tensile behavior for hot-rolled equiaxed samples. Indeed, we would like 
to focus on the effect of texture on slip system activity in a later study. 

As mentioned before, the microstructures have a strong prismatic 
texture alongside the rolling direction. Hence, our EBSD results indicate 
there is an uneven activation of prismatic systems when exposed to a 
deformation parallel to such direction. EBSD inverse pole figure (IPF) 
maps regarding tensile direction are displayed in Fig. 5. 

For samples with their rolling direction parallel to the tensile di
rection (Fig. 5(a)), the grains are indeed favorably oriented for prismatic 
systems to slip. The distribution of the Schmid factors also supports this 
observation as prismatic Schmid factors are greatly clustered in the 
[0.4;0.5] interval, denoting a very high probability of slipping. In 
contrast, basal Schmid factors are much more dispersed around the 0.15 
value and imply a little probability for basal systems to be activated. 
However, for samples with their rolling direction perpendicular to the 
tensile directions (Fig. 5(b)), both the IPF map and the Schmid factor 
distribution show a more balanced distribution of the crystallographic 
orientations for heterogeneous activations of prismatic and basal slip 
systems. 

According to these observations, we performed slip trace analysis for 
samples with their rolling direction perpendicular to the tensile di
rections so that we could get closer to texture-independent CRSS ratios 
and to literature results [14,16,17,33–35,46–48]. 

Typical SEM micrographs with slipped grains are presented in Fig. 6. 
We identified slip traces in an average value of 138 grains for the 900 ◦C 
(β = 26%) samples and 79 grains for the 800 ◦C (β = 13%) ones. We also 
displayed the distributions of the experimentally observed activated slip 
systems regarding their Schmid factors. It is worth noticing that 
basal<a> slip systems were dominantly activated at small grain sizes 
(more than 50%) for 20–25% of prismatic<a> systems. Contrarily, 
prismatic<a> slip systems became the dominant deformation modes at 
coarser grain sizes (around 40%) while basal<a> systems activation 
was diminished to about 30%. On the other hand, pyramidal<c+a> slip 
systems were relatively found in the same proportions. 

In order to characterize the dislocations substructure in this alloy, 
Fig. 7 displays a typical one in the tensile deformed specimen 

(d=3.40 µm) observed by TEM. The tensile axis for the observed α grain 
is close to the orientation of 〈3210〉. Correspondingly, this grain has a 
high Schmid factor for prismatic<a> slip. This substructure displays 
straight-type dislocations that are distributed less uniformly and as 
planar arrays, that is, there are no apparent cross-slipping traces nor 
multiple slipping. Additionally, it can be observed that planar disloca
tion bands are glided on a prismatic plane {1010}, according to the 
selected area diffraction pattern taken in this grain. These planar 
dislocation arrays result in the slip lines (bands) observed clearly in the 
slipped grains taken from SEM as shown in Fig. 6. Regarding the planar 
configuration of dislocations observed in the Ti-6242S alloy, a high 
amount of Al content should cause it. According to previous works, it is 
well recognized that increasing the Al content alters the slipping 
configuration in the α phase [49]. Such alternation initiates at Al con
tents of 2 wt% where <a> type dislocations are seen to become straight 
and of screw character. At higher Al contents the arrangement of these 
straight screw dislocations becomes less uniform and the dislocations 
are eventually confined to very planar arrays at ~ 6 wt%Al [49]. The 
planarity of the slip is caused by short-range ordering interacting with Al 
atoms in the α phase. The planar slip is more intense due to the presence 
of small, coherent, ordered Ti3Al (α2) particles [50,51]. The Ti-6242S 
alloy investigated in this work contains a high Al content of 6 wt%, so 
the dislocation substructure observed indeed revealed a planar config
uration as shown in Fig. 7. 

The CRSS ratios were computed using the statistical method 
explained in [14,24]. They are reported in Table 2 with results from 
other studies. The values of CRSS ratios differ from one study to another. 
Such variations can be attributed to the microstructure studied, its 
morphology, grain sizes, phase proportions, or even its texture. In this 
study, the evolution of the CRSS ratios was notably associated with the 
changing grain sizes and given for a specific texture (hot rolling) and 
specific phase proportions. Our basal<a> ratios were found to be 
around 1 and quite close to what can be found in the literature. As for the 
pyramidal<c+a> ratios, slightly higher values of 4.08–5.78 were ach
ieved. Fig. 8 showcases the evolution of the CRSS ratios regarding grain 
size for two studied β fractions. According to our experimental obser
vations, basal ratios were found to increase with coarser grains (thus 
prismatic systems would activate more than basal ones). Regarding 
pyramidal ratios, they inversely decreased with the increase in grain 
size. It is believed the main cause of such evolution was due to the 
frequent occurrence of prismatic slips with coarser grains rather than 
pyramidal slips themselves as we noticed that the relative number of 
such pyramidal slips was quite consistent in this study. 

Table 3 
CRSS values (R0) and other isotropic hardening parameters used in modeling the samples at β = 26%.   

Basal<a> {0001}〈1120〉 Prismatic<a> {1010}〈1120〉 Pyramidal<c+a> {1011}〈1123〉 Pencil 

β ¼ 26% R0 Q b R0 Q b R0 Q b R0 Q b 
d= 2.98 µm 295.2 55.2 0.1 343.3 64.2 0.1 1984.3 371.0 0.1 216.0 40.4 0.1 
d= 3.40 µm 329.4 61.6 0.1 284.0 53.1 0.1 1218.4 227.8 0.1 216.0 40.4 0.1 
d= 3.42 µm 336.0 62.8 0.1 300. 56.1 0.1 1359.0 254.1 0.1 216.0 40.4 0.1 
d= 4.14 µm 311.8 58.3 0.1 262.0 49.0 0.1 1118.7 209.2 0.1 216.0 40.4 0.1 
d= 4.21 µm 329.9 61.7 0.1 277.2 51.8 0.1 1167.0 218.2 0.1 216.0 40.4 0.1  

Table 4 
CRSS values and other isotropic hardening parameters used in modeling the samples at β = 13%.   

Basal<a> {0001}〈1120〉 Prismatic<a> {1010}〈1120〉 Pyramidal<c+a> {1011}〈1123〉 Pencil 

β ¼ 13% R0 Q b R0 Q b R0 Q b R0 Q b 
d= 2.09 µm 365.7 42.2 4.0 446.0 51.7 4.0 2256.8 261.8 4.0 216.0 25.1 4.0 
d= 2.23 µm 358.2 41.5 4.0 407.0 47.2 4.0 1912.9 221.9 4.0 216.0 25.1 4.0 
d= 2.46 µm 381.6 44.3 6.0 318.0 36.9 6.0 1297.4 150.5 6.0 216.0 25.1 6.0  



3.4. Numerical simulation 

Using our experimental CRSS ratios to regulate some numerical pa
rameters, we optimized our multiscale model to fit the experimental 
uniaxial tensile curves. Parameters for the pencil model (β phase) were 
calibrated for one grain size (d=3.42 µm) and then kept constant for the 
other grain sizes for consistency purposes. The values adopted for the 
material parameters are summarized in Table 3 for β = 26% and Table 4 
for β = 13%. We can observe the evolution of the R0 parameter (CRSS) 
which seems to increase for smaller grain sizes at both β fractions and 
especially for prismatic and pyramidal systems. A possible Hall-Petch 
linkage will be discussed afterward. On the other hand, the saturation 
stress Q depicts the difference between the maximum stress and the yield 
stress (CRSS) of the slip system and reflects a work hardening feature. It 
is worth noticing that thanks to our optimization binding choices 

regarding this parameter, the work hardening of each slip system is 
analogous to the macro work hardening observed in Fig. 4. Therefore, 
the simulations represent well the differences in work hardening when 
changing β fraction with Q parameters having higher values for the slip 
systems at 900 ◦C (β = 26%) than for the ones at 800 ◦C (β = 13%). 
Fig. 9 shows the simulation results of the fitted curves for tensile be
haviors. Due to our optimization binding choices described in the opti
mization process Section 2.5.3, the yield zone was not perfectly fitted, 
especially for β = 26%. It could be possible the greater work hardening 
nature at β = 26% was a cause for the model to not perfectly fit the 
beginning of plasticity. Even so, the uniform region at higher stress 
could be accurately depicted. 

Additionally in Fig. 10, we analyzed the evolution of the CRSS values 
regarding grain sizes and tried to look for a microscopic Hall-Petch 
relation that could help to better understand the deformation modes. 

Fig. 9. Simulation results for tensile behaviors of equiaxed microstructures having a. 26% of β and b. 13% of β.  



Surprisingly we found prismatic<a> and pyramidal<c+a> slip systems 
were indeed related to grain size through Hall-Petch type equations. 
Also, we could see an interesting difference between the two proportion 
phases studied of β = 26% and β = 13%. For prismatic<a> systems, the 
Hall-Petch constant of β = 13% was roughly 3x bigger than the one of 
β = 26%. Picking up the thinking we had for global Hall-Petch constants 
at a macroscale, we understood the decrease of β fraction and thus of α-β 
boundaries allowed the harder α phase to contribute more and to in
crease the global Hall-Petch constant. With the same reasoning, we can 
suggest prismatic<a> systems are given more importance with higher α 
fractions (lower β fractions) which could explain such differences in 
Hall-Petch constants. The same observation was made for pyr
amidal<c+a> systems where the Hall-Petch constant was about 2x 
bigger for β = 13% than for β = 26%. 

Concerning basal<a> systems, we could not observe a Hall-Petch 
relation to link CRSS to grain sizes. We noticed the problematic data 
points came from small grain sizes where we measured basal ratios 
inferior to 1, meaning that basal<a> systems were now much more 
activated in fined-grained conditions. For such small grain sizes, the 
increase of the grain boundary density limits the mobility of the dislo
cations and the effects of dislocations pile-up at grain boundaries 
become more pronounced. These dislocations induce local stresses at 
boundary which can be accommodated by grain boundary sliding. Thus, 
grain boundary sliding is now another crucial mechanism to consider, 
especially with the need for HCP metals to accommodate incompatible 
deformation due to limited slip systems. Hémery et al. (2019) [52] found 
out grain boundary sliding was indeed an alternative deformation pro
cess mainly observed at high temperatures and/or in fined-grained 
materials. They also discovered that intragranular prismatic slipping 
was a trigger for grain boundary sliding in a Ti-6Al-4V alloy with 
bimodal microstructure at room temperature. Of the 972 total α nodules 
they analyzed, 875 showed apparent slipping and grain boundary 
sliding could be noticed for 6% of them. 80% of the observed grain 
boundary sliding was successfully associated with prismatic slip activity. 
While prismatic slipping was evidently involved in grain boundary 
sliding, the role of basal and pyramidal systems could not be clearly 
demonstrated. In the 20% of cases where grain boundary sliding was 
affiliated with basal and/or pyramidal slips, a possible prismatic slip 
activity underneath the sample surface could not be excluded. 

On the other hand, J. Koike et al. (2003) [53] also studied the con
sequences of fined-grained microstructures on the deformation mecha
nisms at room temperature. While grain boundary sliding was also 
discussed, they additionally examined the effects of compatibility 
stresses in Mg alloys. Due to the elastic anisotropy of the crystals, 
compatibility stresses would arise from grain boundaries and activate 
the secondary intragranular slip systems. For Mg alloys and because of 
their higher c/a ratio (≈1.62), basal<a> systems are known to be the 
dominant slip systems. Therefore, the compatibility stresses principally 
activate prismatic<a> as secondary slipping in such fined-grained Mg 
alloys (their study dealt with grain sizes of 6.5 µm). H. Margolin and M. 

S. Stanescu (1975) [54] measured in their work that the length of the
secondary slip lines adjacent to the grain boundaries is close to 10 µm
regardless of a grain size that could vary from 49 to 94 µm. Hence, it
supports the observations of J. Koike et al. (2003) [53] of the secondary
intragranular slips being triggered by compatibility stresses coming
from grain boundaries.

Coarse-grained alloys are known to promote the activation of the 
dominant slips more easily and exhibit microscopic yielding at lower 
stresses compared to fined-grained alloys. In fined-grained microstruc
tures, the higher density of grain boundaries prevents a part of the 
dominant dislocations from slipping and increases local stresses at 
boundaries which activates secondary systems because of the compati
bility stresses. Hence, we can understand grain size as a critical 
parameter in which the secondary intragranular slip will or will not be 
triggered by the influence of compatibility stress. 

Conversely, the lower c/a ratio (≈1.59) of Ti alloys promotes pris
matic<a> systems as the main slip systems. Now, if we apply the ob
servations made for Mg alloys on our Ti-6242S alloy, we can speculate 
the basal<a> systems were activated as the secondary slips because of 
the compatibility stresses arising at very small grain sizes. The basal 
systems becoming more activated in such conditions, it could explain 
why the experimental CRSS basal ratios were decreasing with grain sizes 
and overtaking prismatic systems (ratio lower than 1). 

Therefore, grain boundary sliding and compatibility stresses stand as 
additional mechanisms to take into account when studying deformation 
modes at very small grains. While clear links between grain size (Hall- 
Petch) and the activity of prismatic<a> and pyramidal<c+a> slip 
systems were exhibited in this study, the results regarding 
basal<a> slips in fined-grained conditions are believed to be strongly 
affected by these two additional mechanisms. 

4. Conclusion

Ti-6242S samples with equiaxed (α + β) microstructures were
analyzed after uniaxial tensile deformation at room temperature. 
Increasing β fraction was impactful in improving the overall ductility 
and the work hardening while both grain size and β fraction played a 
part in controlling the material strength. 

An extension of the Hall-Petch relation to dual-phase alloys was used 
to better understand the role of β fraction in the variations of the Hall- 
Petch constant. The computations allowed to emphasize the impor
tance of phase proportions in the material strengthening due to grain 
size effect and also suggested a dependence on the mesoscopic Hall- 
Petch constants with β fraction. 

Slip trace analysis was carried out for a qualitative understanding of 
the activation of the main deformation modes. CRSS ratios were 
computed for the basal<a> , prismatic<a> , and pyramidal<c+a> slip 
systems and were found to be related to grain size and β fraction. While 
prismatic systems were more easily activated for coarser grains, a larger 
amount of basal slips were observed at smaller grain sizes with CRSS 

Fig. 10. Microscopic Hall-Petch relations for the CRSS values of a. basal<a> , b. prismatic<a> and c. pyramidal<c+a> slip systems.  



ratios lower than 1. 
The experimental CRSS ratios also helped to identify the material 

parameters of a self-consistent multiscale model used to reproduce our 
tensile behaviors. The CRSS values of prismatic<a> and pyr
amidal<c+a> slip systems were successfully assessed and linked to 
grain sizes through Hall-Petch type equations. On the other hand, the 
relation between grain size or β fraction and the CRSS values of 
basal<a> systems was left unclear. The higher density of grain bound
aries in fined-grained microstructures and the addition of the compati
bility stresses and grain boundary sliding mechanisms were identified as 
possible causes. 
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