
InterPore2023
Monte Carlo method to solve
the heat equation in a complex
media

A. Laroche, J. Farfan, S. Eibner,
S. Blanco, C. Coustet, M. El Hafi,
R. Fournier, B. Piaud, F. Topin
IMT Mines Albi, RAPSODEE research center and EDstar group
22nd May 2023

InterPore2023 Monte Carlo method to solve the heat equation in a complex
media
22nd May 2023

A. Laroche, J. Farfan, S. Eibner et al.
IMT Mines Albi - RAPSODEE and EDstar group



2/22EDstar research group

EDstar is a multidisciplinary group that develops Monte Carlo algorithms to model heat transfers.

Figure: Images generated by Monte Carlo methods with solstice and htrdr free softwares:
https://www.meso-star.com/
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3/22Integral Formulation Monte Carlo method in a nutshell

An observable expressed as an expectation E[w(X)] can be estimated by an Integral
Formulation Monte Carlo algorithm.

E[w(X)] =
∫

D
w(x)pX(x)dx (1)

Where:
w(X) is a weight function that depends on a random variable X
pX(x) is the probability density function associated to X

Monte Carlo methods are based on:
the Law of Large Numbers: limN→∞

1
N

∑N
i=1 w(xi) = E[w(X)]

the Central Limit Theorem: the estimate is given with its uncertainty
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4/22Monte Carlo method to solve Laplace’s equation: a simple 1D example

δδ δ

T5

δφ1

T1 T2 T3 T4


ΔT = 0
φ1 known
T5 known

⇔


d2T
dx2 = T(x+δ)–2T(x)+T(x–δ)

δ2
= 0

φ1 = –λT2–T1
δ

known
T5 known

⇔


T1 = T2 + δφ1

λ

T2 = 1
2T1 + 1

2T3
T3 = 1

2T2 + 1
2T4

T4 = 1
2T3 + 1

2T5

(2)

The model can be seen as a system of four random variables: T1, T2, T3 and T4.
The expectation E(T1) can be evaluated with the mean of weights through a Monte Carlo
algorithm (probe computation).
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5/22Monte Carlo method to solve Laplace’s equation: a simple 1D example

δδ δ

T5

δφ1

T1 T2 T3 T4

How to evaluate E(T1) with a Monte Carlo algorithm?
For each random walk i:

Starting a point 1, the weight wi is increased by δφ
λ

and the random
walker moves to the point 2.
At points 2, 3 and 4, the random walker flip a coin. If it is "head" the
random walker moves to the left, otherwise, it moves to the right.
Repeat the process while the random walker has not reached point 5
where the weight wi is increased by T5.
The final weight of the path is: T5 + n × δφ1

λ


T1 = T2 + δφ1

λ

T2 = 1
2T1 + 1

2T3
T3 = 1

2T2 + 1
2T4

T4 = 1
2T3 + 1

2T5
(3)

For a large number of random walks, the mean of the weights wi tends to the expectation E(T1).
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6/22Monte Carlo method to solve Laplace’s equation: a simple 1D example

δδ δ

T5

δ

T1 T2 T3 T4

φ1 = 0

For the adiabatic case φ1 = 0 W/m2

The final weight of each path is: n × 0 + T5
The mean of weight is T5 and therefore E(T1) = T5

InterPore2023 Monte Carlo method to solve the heat equation in a complex
media
22nd May 2023

A. Laroche, J. Farfan, S. Eibner et al.
IMT Mines Albi - RAPSODEE and EDstar group



7/22Monte Carlo method to solve Laplace’s equation: what about 3D geometry?

For a 3D geometry, the random walker moves on a sphere of radius δ.
The algorithm is a meshless method adapted to complex geometries.

φl
Tr

φt = 0

φb = 0

Tl?

l = 5mm

Figure: Three conductive paths sampled with stardis in a porous media to estimate E(Tl). The geometry
is composed of 2.8 × 105 triangles. Sphere radius δ = 0.014mm. Conductivity of the solid phase is
λ = 5W/m.K.
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8/22Monte Carlo method to solve Laplace’s equation: what about 3D geometry?

The equivalent conductivity along e⃗x is:

λ̄x = l × φl
Tl – Tr

(4)

Monte Carlo: λ̄x = 4.09 W/m.K
Finite volume: λ̄x = 3.99 W/m.K
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9/22Monte Carlo method to solve Laplace’s equation: what about 3D geometry?

The absence of mesh becomes more and more interesting when complexity increases!

Tr
φl

Tl

φt = 0

φb = 0

l = 13.5mm

Figure: 3 conductive paths sampled with Stardis in a porous media to estimate E(Tl). The geometry is
composed of 8 × 106 triangles. Sphere radius δ = 0.087mm.

InterPore2023 Monte Carlo method to solve the heat equation in a complex
media
22nd May 2023

A. Laroche, J. Farfan, S. Eibner et al.
IMT Mines Albi - RAPSODEE and EDstar group



10/22Conclusion

A Monte Carlo algorithm can easily be parallelised.
A confidence interval can be computed from the standard deviation.
The algorithm only evaluate the expectation E(T1) or E(Tl) but not the whole field of
temperature (probe computation).
The coupling between each random variables relies on double randomisation.
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11/22Perspectives: coupling with radiative transfer

Is the method adapted for radiative heat transfers?

Figure: δ-sphere conductive random walk coupled with a blue radiative path. The path starts at x⃗0 and
ends at y⃗ (Tregan et al., 2023).
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12/22Perspectives: coupling with radiative transfer

Taking radiation into account in transparent or participating media.

φl

Tr

ε = 1

ε = 1

Figure: Infrared rendering of the porous media computed from Stardis software. The fluid medium is
transparent and the radiative temperature is 315K. Rendering image resolution is 640 pixels × 640 pixels.
The number of paths per pixel is 500.
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13/22Perspectives: coupling with advection

Taking into account advection of fluid in pores.

Figure: Advecto-conducto-radiative path in a moving fluid (Ibarrart, 2020). The velocity field is prescribed.
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14/22Thanks a lot for your attention. Any questions?
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Do you want to try Meso Star free softwares?
https://www.meso-star.com/projects/stardis/stardis.html

https://www.meso-star.com/projects/misc/about-fr.html

http://www.edstar.cnrs.fr/prod/fr/
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17/22A first example: 1+4=5

Express 1 + 4 as an expected value:

1 + 4 = 1
2 × 2 + 1

2 × 8 = E[w(X)] (5)

"Coin flipping: if I obtain "observe" the outcome of the random variable is 2, otherwise it is 8. I
repeat the experiment a large number of time."
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18/22A first example: 1+4=5
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Figure: Convergence to the solution (Confidence intervals at 68 %)
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19/22Walk on sphere

In 1D

T(x) = 1
2T(x – δ) + 1

2T(x + δ) (6)

In 3D, walk on sphere with a fixed step

T(0, θ,Φ) = 1
4π

∫
4π

T(δ, θ,Φ)dΩ (7)

"The average value of T over the surface of a sphere equals the value of T at the center of the
sphere" (Dunn, 2011)
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20/22Radiative temperature

Radiative temperature is the temperature that corresponds to radiation balance term ψR

ψR = ψabsorbed – ψemitted =
∫

4π
du⃗

∫ ∞

0
dνkνaIν –

∫
4π

du⃗
∫ ∞

0
dνkνaIeq

ν (8)

ψR = 16kaσT3
ref(Tr – T) (9)

from Tregan, J. M., et al. 2023. Coupling Radiative, Conductive and Convective Heat-Transfers in
a Single Monte Carlo Algorithm: A General Theoretical Framework for Linear Situations. PLOS
ONE 18, n◦ 4
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21/22Determination of apparent conductivity tensor

Figure: Porous geometry

λMC =

 4.09 0.56 –0.66
0.56 3.10 0.10
–0.66 0.10 6.96

 λfinite vol =

 3.99 1.22 –1.36
1.22 3.30 –0.26
–1.36 –0.26 6.73

 (10)
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22/22The reformulation of the Heat Equation as an expectation

Assuming that:
The medium is isotropic and homogeneous
Thermal properties (cp, ρ et λ) do not depend on temperature
Absence of heat source

ρcp
∂T
∂t = λΔT (11)

Reformulation as an expectation:

T(⃗x, tobs) =
∫ ∞

0

1
τ

e– u
τ du

{
T(⃗x, t0) × H(u – (tobs – t0))∫

4π
1

4πdω⃗T(⃗x + δω⃗, tobs – u) × H((tobs – t0) – u) (12)
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