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A dimensional analysis of the ball mill process is carried out through the Buckingham-Pi method. The
dimensionless quantities identified are discussed and used in order to suggest scaling criteria for ball
mills. The flowability and the particle size distribution of an alumina powder ground in laboratory ball
mills of various dimensions are compared in order to discuss the influence and the relevance of each
dimensionless numbers. Some geometrical, kinetics and dynamic similitudes are highlighted both theo-
retically and experimentally. In particular, the conservation of the Froude number and the fragmentation
number lead to relevant scaling criteria for mills of 1, 2 and 7 L inner volumes. The importance of the ratio
between the pebble size and the vessel diameter is also discussed. Finally, the preponderance of the frag-
mentation number over the number of revolutions of the vessel is interpreted in terms of particle frag-
mentation mechanisms.
1. Introduction Three mechanisms are classically identified as responsible for
Ball mills are one of the most common industrial equipments
for reducing the size of particulate systems in various fields such
as cement industry, minerals or nuclear fuel production [1]. In such
equipment, the powder is ground due to the movement of the
grinding media, also called pebbles, within a rotating vessel. Grind-
ing powders in a ball mill is a complex operation in which many
parameters, such as geometrical factors [2], filling ratios [3], pow-
der properties [4] or the energy transferred to the vessel [5] can
influence the characteristics of the resulting powder. The effect
of each parameter on the resulting ground powder is usually inves-
tigated experimentally in small vessels, designed at a laboratory
scale before adjusting the parameters on the industrial equipment.
However, the variety of the parameters involved leads to many dif-
ficulties for identifying the scale-up criteria that allows getting
similar results in vessels of various sizes [6]. Considering the num-
ber of variables, dimensional analysis is a natural way to address
this issue by regrouping all the variables in a limited number of
dimensionless quantities.
the particle fragmentation in a ball mill: compression due to the
weight of the pebbles bed, shearing at the contact points between
the pebbles or against the wall of the mill and impact caused by the
ballistic effect due to the ejection of some pebbles from the bed.
Those three mechanisms are competing and the predominance of
a given fragmentation mode over the others depends on particles
properties and also on the motion of the pebbles within the rotat-
ing vessel [7]. A typical classification, suggested by Mellmann,
includes three main motion regimes of the pebbles in such an
equipment: slipping, cascading and cataracting, which are them-
selves divided into seven sub-regimes [8]. The slipping motion is
characterized by a pebbles bed remaining at rest and slipping peri-
odically or continuously from the wall of the vessel. This motion
usually appears at very low rotational speeds and mostly involves
particle fragmentation through shearing and compaction mecha-
nisms. When the vessel’s rotational speed increases, a continuous
circulation of the pebbles takes place, which corresponds to a cas-
cading motion. Here, the pebbles are falling at the surface of the
pebbles bed while the bottom part of the bed is lifted upwards
by the motion of the wall. The cascading regime can be divided
itself in three sub-regimes: slumping, rolling and cascading that
corresponds respectively to higher rotational speeds. In such
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Nomenclature

Notation Parameter and usual units
a Chamfer size mm
Bog;i=Bog;f Granular Bond number of the powder before / after

grinding -
D0=Di Outer / inner diameter of the vessel mm
dg Diameter of a pebble mm
ds Sauter mean diameter of the powder mm
d50 Median diameter of the powder mm
f c Powder filling ratio -
ffc Flow function coefficient of the powder -
FIP;i=FIP;j Interparticle attractive forces before / after grinding N
Fr Froude number -
g Gravity acceleration m.s�2

h0 Height of the pebble bed mm
J Pebbles filling ratio -
k Number of elementary dimensions -
L Length of the vessel mm
lg Length of a pebble mm
mp Mass of powder g
n Number of physical parameters -
nf Fragmentation number -
Ng Number of pebbles -
Nt Number of revolutions of the vessel -
p number of dimensionless quantities -

}i=}f Vector of particle properties before / after grinding
various

t Grinding time min
U Powder level -
V Inner volume of the vessel L
Vpebble;Vpowder Volume of pebbles /powder within the vessel mL
vg Velocity of a pebble at the surface of the bed cm.s�1

vw Wall velocity of the vessel cm.s�1

Wp Particle’s weight N
b Intermediate variable -
d Pebble to vessel size ratio -
eg Porosity of the pebbles bed -
k; kg Vessel / pebble geometric ratio -
lw Wall friction coefficient -
m Velocity ratio -
pi dimensionless quantityi 2 0; p½ � -
qg ;qp Density of the pebble / powder g.cm�3

qs True density of the powder g.cm�3

r0 Particle fragmentation tensile stress threshold g.m.s�2

s0 Characteristic time for particle fragmentation s
/ Slope angle of the pebble bed
x Angular velocity of the vessel rad.s�1

X Rotational speed of the vessel rpm
regimes, the particle fragmentation is mostly governed by impact
and shearing phenomena as consequences of pebbles motion.
Finally, the cataracting motion regime corresponds to the ejection
of some individual pebbles from the surface of the bed that are pro-
jected in the free space of the vessel. According to Mellmann, the
motion regime that takes place into the vessel depends mainly
on the wall friction coefficient, the vessel filling ratio and the
Froude number, Fr, being defined by equation (1) by the ratio
between the centrifugal and gravitational forces acting on the peb-
bles located at the wall of the vessel.

Fr ¼ Dix2

2g
ð1Þ

where Di is the inner vessel diameter, g is the gravity constant
and x is the angular velocity of the vessel, expressed in rad.s�1.

The purpose of the ball milling process is to reduce the size of
the particles constituting the powder. Since the powder is made
of multiple particles, some mean or median diameters, such as
the Sauter mean diameter, are commonly used to describe the
overall particle size distribution. However, these average diame-
ters usually fail to take into account the population of the fine par-
ticles that appears to be critical for the flow behavior of the whole
powder, although it is a key parameter to control in a powder pro-
cess plant. Indeed, recent studies highlighted the link between the
macroscopic flowability of a given powder and its particle size dis-
tribution and showed that the fine particles, that may be generated
by grinding, drastically decrease powder’s flowability [9–11].
According to this study, the flow properties of a given powder
can be considered as representative of the amount of fine particles
generated by grinding. The properties of the ground powders,
obtained by the ball milling process, can then be assessed directly
by analyzing their flow behavior. Thus, the scale-up criteria inves-
tigated in this study should provide ground powders of similar
flowability whatever the size of the vessel.

Dimensional analysis consists in regrouping all the physical
variables that affect the final product properties, in a limited num-
ber of dimensionless groups [12,13]. The obtained dimensionless
numbers lead to the definition of scaling criteria, which can be
employed for designing mock-up processes at laboratory scales
or deducing the behavior of a process at industrial scale from lab-
oratory experiments [14]. In our case, the dimensional analysis of
the ball milling process will be carried out in order to get a phys-
ically meaningful equation between the properties of the final pro-
duct, like its flowability, and the geometrical and operational
process parameters at any scale. This will help identifying the most
relevant criteria that can be used for replicating similar grinding
conditions at various scales. The establishment of such a process
relation needs a prior knowledge of the influence of the most obvi-
ous operating conditions on the resulting powder. This means that
a preliminary experimental investigation should be carried out as a
guidance through the dimensional analysis.

Up to now, most of the scaling criteria identified for the ball mill
process come from the investigation of the motion of granular
media in rotating drum, without pebbles. Dimensional analysis
has been extensively applied to describe the flow behavior of pow-
ders in rotating cylinders [15,16], providing scaling criteria usually
based on the Froude number or on the vessel’s wall velocity. The
motion of granular materials within a rotating drum has also been
investigated by analyzing the velocity profile of the particles. This
can be achieved by filming the motion of the particles within the
vessel [5] or using more advanced techniques, such as tracking
the particles with fiber-optic probes [17]. Discrete element method
(DEM) simulations of the particles flow in a rotating drum has also
been carried out [18,19]. The main advantage of this latter
approach is its ability to take into account more parameters in a
wider range than those available in experimental studies. How-
ever, the investigations listed in this paragraph mainly focus on
the motion of the powder only and do not take into account the
interaction between the powder and the pebbles, which is respon-
sible for particle fragmentation in a ball mill. In such equipment, it
can be considered that the motion of the pebbles and powder bed
is mostly driven by the pebbles, which are not expected to behave



the same way than microscopic powders in a rotating drum. To go
further, embedding the grinding media in the dimensional analysis
of the ball mill would be of great interest.

Accordingly, the aim of this paper is to identify which dimen-
sionless numbers must be kept constant in order to reproduce
the results obtained in a laboratory ball mill at the industrial scale.
Such scaling criteria are provided by an exhaustive dimensional
analysis applied to the ball mill. In particular, the motion of the
pebbles within the rotating vessel will be investigated from video
analysis and linked to the ground powder properties. The results
will be tested experimentally by measuring the characteristics of
powders ground in vessels of different volumes and under various
grinding conditions. The ground powder properties are assessed
from their rheological behavior. The main operational parameters
investigated include equipment dimensions, filling ratios and
parameters related to the vessel’s motion.

The materials and the methods involved in this study will be
presented in section 2. Then, a primary investigation, including a
velocimetry analysis of the pebbles bed motion and the investiga-
tion of the most common operating parameters in a one-sized ves-
sel will be presented in section 3. Based on these preliminary
results, the dimensional analysis of the ball mill process will be
described in section 4. Finally, the scaling criteria will be tested
experimentally in vessels of three different sizes, as reported in
section 5.
2. Materials and methods

2.1. Powders and characterization methods

2.1.1. Powder used
An alumina GE15 (Al2O3) powder, from Baikowski� (Poisy,

France) was used for this investigation. Its particle size distribution
in volume is represented on Fig. 1. The measurement was carried
out by LASER diffraction in a Mastersizer 3000� (Malvern, Malvern,
UK), equipped with a liquid water dispersion unit Hydro MV�. The
measured particle diameters range from 0:9 to 110lm with a vol-
ume median diameter of d50 ¼ 33:9lm and a Sauter mean diame-
ter of ds ¼ 19:8lm. SEM pictures of the particles constituting the
alumina powder are shown before and after grinding on Fig. 2,
for magnitudes of x100 and x800. Even before grinding, the parti-
cles exhibit an irregular and angular shape.

The scope of this study mainly focuses on the mill parameters,
such as its dimensions, rotation speed, filling ratios and grinding
time. Therefore, only one powder was used for the whole investi-
gation so that it is always the same powder that is being ground.
Thus, the particles properties such as their plasticity, hardness or
Fig. 1. Volume particle size distribution of the alumina GE15 powder, measured by
LASER dispersion in wet mode.
brittleness are not considered in this study, although they could
have a great influence on the fragmentation mechanisms.

2.1.2. Powder flowability measurements
The powder flowability was measured with a FT4� (Freeman,

Tewkesbury, UK) powder rheometer. Shear tests were carried out
in a 10 mL cylindrical cell made of borosilicate glass under a nor-
mal pre-consolidation stress of 9 kPa, following the Jenike standard
procedure [20]. During the tests, a powder sample is introduced
into the cell and sheared under normal consolidation stresses of
7, 6, 5, 4 and 3kPa successively. The minimal tangential stress
needed to yield the powder sample under each normal stress is
measured and the obtained data lead to the determination of the
yield locus and the Mohr’s circles equation parameters. Finally,
several characteristics related to the flowability of the powder
can be computed from geometrical considerations. More details
concerning this technique can be found elsewhere in the literature
[21,22]. In particular, the flow function coefficient ffc is commonly
employed to assess and rank the flow behavior of powders accord-
ing to the classification given in Table 1.

2.2. Experimental device

The powder samples were ground in a ball mill which is a cylin-
drical vessel made of stainless steel that is filled with cylindrical
steel pebbles. The cylindrical shape of the pebbles was chosen in
order to match a specific industrial setup, although spherical peb-
bles are more common in the grinding processes. The powder was
introduced within the vessel and the pebbles act as grinding media
while the vessel is rotating horizontally around its longitudinal
axis as shown in Fig. 3. The rotation of the vessel is controlled by
a potentiometer graduated from 0 to 100 and the rotational speed
was measured by a tachymeter DT-2236� (Lutron electronic, Tai-
pei, Taiwan). No contamination of the ground powder by the peb-
bles and wall materials was observed, even for high rotation
speeds. In this paper, we will use X to describe the rotational speed
of the vessel, expressed in revolutions per minute (rpm), while x
represents the corresponding angular velocity, expressed in radi-
ans per second x ¼ 2p

60X
� �

. Both vessel lids are made of transparent
poly(methyl methacrylate) (PMMA) allowing the capture of the
pebbles motion during the rotation of the vessel. More details
about this technique are provided in section 2.3.

Three different vessels of 1, 2 and 7 L (typically represented on
Fig. 4) were used for the experimental investigation of the ball mill
scaling. The 1 and 2 L vessels were designed with a chamfer inside
the cylinder at both extremities (see Fig. 4) in order to avoid the
retention of powder in the angles and to be able to fix both PMMA
lids with screws. However, the 7 L vessel could not be made with
chamfers and was designed with stainless steel lids instead of
transparent PMMA ones. The inner and outer diameters Di and
Do, the length L and the chamfer size a of those three vessels are
given in Table 2. The vessels were specially designed to keep the
geometric ratio k ¼ Di=L constant, the reason for this coming from
the dimensional analysis that will be presented in section 4.1.
Finally, two sizes of steel cylindrical pebbles were available for this
study: 8x8 mm and 15x15 mm.

2.3. Measurement of the pebbles velocity profile

The motion of the pebbles inside the vessel was investigated by
tracking their position along the surface of the pebbles bed from
videos acquired when the vessel was rotating. Several videos were
taken with various amounts of pebbles and under various rota-
tional speeds. This was carried out for the 1 L and 2 L vessels only
because the 7 L vessel could not be manufactured with transparent



Fig. 2. SEM pictures (x100 and x800 magnitude) of the alumina powder, before (left) and after grinding in the 1 L vessel at 25 rpm for 10 min (right).

Table 1
Classification of the flowability of a given
powder measured by shear testing
according to its.

Flow index value Flowability

ffc < 1 Not flowing
1 < ffc < 2 Very poor
2 < ffc < 4 Poor
4 < ffc < 10 Easy
ffc > 10 Free flowing

Fig. 3. Schematic representation of the ball milling setup.
lids. No powder was introduced in the vessels while recording the
videos in order to be able to locate the pebbles more easily. The
camera, recording at 240 frames per second for about ten seconds
after reaching the permanent regime inside the vessel, was posi-
tioned in the longitudinal axis of the vessel, as shown in Fig. 3.
After separating the videos frame by frame, the position of some
pebbles that were chosen arbitrarily were tracked and recorded
every two frames ( 4ms) using the ImageJ� (NIH, Bethesda, USA)
software. An example of snapshot obtained is given in Fig. 5. The
size conversion from pixel to centimeters was achieved by adjust-
ing the scale from the vessel diameter, which is known precisely.
The velocity of the pebbles was then computed by calculating
the distance travelled between consecutive snapshots.

One of the biggest source of incertitude related to this approach
arose from the cylindrical shape of the pebbles, as their center of
gravity is hard to locate when they are spinning. This point is even
more critical considering the fact that the size of a pebble repre-
sents between 5 and 12% of the inner diameter of the vessel,
depending on the configuration (vessel and pebbles chosen). It
should also be noted that only the pebbles located at the lids vicin-
ity are visualized by the camera and that their displacement along
the longitudinal axis was not taken into account.
3. Primary investigation

In this investigation, the pebbles motion corresponds mainly to
a cascading regime, meaning that the particle fragmentation
occurs by shearing and impact mechanisms induced by the inter-
actions of the pebbles with each other and with the vessel walls.
Thus, in order to guide us through the dimensional analysis of
the ball mill process, a primary investigation concerning the peb-
bles motion inside the vessel must be carried out. This will serve
to further investigate the influence of the most common parame-
ters on the flowability of the ground powder.

3.1. Investigating the pebbles motion within the vessel

The velocity of the pebbles inside the 1 L and 2 L vessels has
been investigated, following the methodology described in section
2.3, for various rotational speeds: X ¼ 20, 30, 40 and 50 rpm. For
each configuration, between five and ten pebbles were tracked in
order to get their velocity profiles. Among the pebbles at the
surface of the powder bed, the ones that were less affected by



Fig. 4. Schematic representation of the ball mill filled with pebbles.

Table 2
Dimensions of the different vessels, represented in Fig. 4, used in this study.

Dimension Notation 1 L vessel 2 L vessel 7 L vessel

Outer diameter (mm) Do 126 155 224
Inner diameter (mm) Di 116 145 214
Length (mm) L 106 131 195
Chamfer size (mm) a 20 20 0
Size ratio k ¼ Di=L 1.1 1.1 1.1

Fig. 5. Example of snapshot obtained for the 2 L vessel rotating at 20 rpm, filled
with 8x8 mm pebbles at J = 0.3 and without powder.

Fig. 6. Velocity profile of the pebbles at the surface of the pebbles bed in the 2 L
vessel, rotating at 50 rpm. The velocity of a given pebble (pebble 4) is marked with
the continuous dark line, the dotted curve represents the polynomial interpolation
of the fall speed, the dotted straight line corresponds to the maximal velocity of the
pebbles vp;max and the continuous straight line corresponds to the wall linear
velocity vw .
collisions with other pebbles were arbitrarily chosen in order to
measure their maximal fall speed. For each case, the mean velocity
profiles of the selected pebbles could be modeled by a second order
polynomial interpolation, an example being given on Fig. 6. The
maximal speed of a falling pebble is assumed to correspond to
the summit of the parabola as shown on Fig. 6. This critical veloc-
ity, denoted as vmax
g , represents the maximal speed that may be

reached by a pebble falling along the surface of the bed for a given
vessel rotational speed. The dimensionless velocity ratio, m, repre-
senting the ratio between the velocity of the pebbles at the surface
of the bed and the linear velocity of the vessel, can thus be approx-
imated by equation (2).

t � vmax
g

vw
ð2Þ

where vw is the vessel’s wall linear velocity, which is directly
linked to its rotational speed according to equation (3).

vw ¼ Di

2
x ð3Þ



The evolution of the velocity ratio, m, according to the Froude
number of the vessel, Fr, for the 1 and 2 L vessels is plotted on
Fig. 7. Firstly, it has to be outlined that the correlation between
those two non-dimensional parameters does not depend on the
size of the vessel. It also appears on Fig. 7 that the velocity ratio
decreases linearly with the Froude number up to Fr ¼ 0:13 and
becomes constant beyond this value, suggesting the existence of
two different pebbles motion regimes within the vessel:

- forFr � 0:13, the pebbles velocity is strictly proportional to the
vessel wall velocity, suggesting that the motion of a given peb-
ble is mostly due to the rotation of the vessel itself, which is
typical of the cascading or cataracting regimes [8],

- For Fr � 0:13, the pebbles motion does not seem to be fully dri-
ven by the vessel motion but also depends on the collision
events with other pebbles, which better fits with the rolling
regime.

Such observations suggest that the transition between the roll-
ing and cascading regimes corresponds to Frrol�cas ¼ 0:13, which is
consistent with the pebbles motion captured from the videos
recorded. In a rolling regime, a free surface rolling flow of pebbles
is taking place during the rotation of the vessel. The particles frag-
mentation are then more likely to occur continuously all along the
surface of the pebbles bed by small collision and friction events
between the pebbles. In cascading regimes, pebbles are ejected
periodically from the free surface of the bed, then, a larger amount
of fragmentation events may occur at the bottom of the pebbles
bed, at the impact point of the falling pebbles. However, the pre-
ponderance of the fragmentation by impact and shearing mecha-
nisms also depends on the nature and the size of the particles.
An impact mechanism is more effective for larger particles, that
have a typical diameter comprised in a range of 50lm to 5mm
[7]. It should also be noted that a large number of small collisions
between pebbles continues to occur in the cascade regime [23],
which means that the particles are still susceptible to break under
a shearing mechanism in such motion regime.

From the same recorded videos, the average slope angle of the
pebbles bed, denoted as /, is also computable by measuring the
angle of the slope defined by the highest and the lowest pebbles
in the vessel every 0:5s and by taking the average value. In order
to simplify the investigation, the average value of the slope angle
was taken as a characteristic parameter of the pebbles bed rota-
tional regime. However, some recent results suggest that consider-
ing the ratio between the maximum slope angle and the average
slope angle should be even more relevant [18]. The evolution of
Fig. 7. Velocity ratio t (pebble/wall) as a function of the Froude number Fr in the 1 L
(crosses) and 2 L (circles) vessels. The velocity ratio seems to be inversely
proportional to the Froude number before Fr ¼ 0:13 and constant after.
/ according to the Froude number is given in Fig. 8. The incertitude
intervals correspond to the standard deviation, which is quite high
since the slope angle seems to be oscillating. It appears that the
average slope angle increases with the Froude number at the same
rate whatever the size of the vessel.

3.2. Process parameters

Several grinding tests have been carried out with the alumina
powder, in the 1 L vessel and for various grinding conditions. The
obtained ground powders have been compared in terms of flowa-
bility in order to evaluate the influence of the most common grind-
ing parameters. The parameters considered in this section are split
into two distinct categories. First, the parameters related to the
energy provided to the vessel, investigated in section 3.2.1, that
include the vessel’s rotational speed and the grinding time. Second,
the filling parameters, investigated in section 3.2.2, corresponding
to the powder and to the pebbles filling ratios.

3.2.1. Parameters linked to the energy provided to the vessel
The movement of the mill is fully defined by its rotational speed

around the longitudinal axis of the vessel. Obviously, the influence
of the rotational speed, X, on the properties of a ground powder
cannot be investigated without taking into account the grinding
time t. The hatched bars on Fig. 9 show the flow function coeffi-
cient obtained after grinding the powders for 4 min at 25, 36 and
50 rpm. Such rotational speeds all correspond to a similar rolling
/ cascading regime as described previously in section 3.1. The
results on Fig. 9 show that the flow function coefficient becomes
smaller when the vessel is rotating faster, meaning that the ground
powder flowability decreases when X increases. The decrease of
flowability observed after grinding tests can be explained by the
particle size reduction that occurs during the ball milling process.
Indeed, previous investigations have shown that the particle size
was the most important parameter governing the flow behavior
of a powder bed [9]. In particular, the flowability of a given powder
appears to decrease drastically when the amount of small particles,
under 10lm in diameter, increases. Thus, the flow function coeffi-
cient can be used as an indicator of the efficiency for a given grind-
ing test: a small ffc indicates a significant amount of fine particles,
corresponding to an intensively ground powder. One can notice
that the powder flowability may also be strongly influenced by
the particle shape, which is expected to vary during the grinding
process due to their fragmentation. However, it should be noted
that in our case the grinding operation does not have a significant
effect on the particle shape since they already are irregular and
Fig. 8. Average slope angle of the pebble bed / inside the 1 L (crosses) and 2 L
(circles) vessels, as a function of the Froude number Fr.



Fig. 9. Evolution of the flow function coefficient of ground powders according to the rotational speed of the vessel X at constant grinding time t (hatched bars, left) and
constant number of revolutions Nt (dotted bars, right). All the grinding tests are performed in the same filling conditions with J ¼ 0:3 and U ¼ 1:00.
angular before grinding. Indeed, the SEM pictures shown on Fig. 2
show that the particles shape does not change drastically before
and after grinding. This was already evidenced in a previous paper
where the authors shown that the particle size is actually the most
important parameter governing the flowability of this specific
powder along the grinding process [24].

It is interesting to note that, in virtue of equation (4), increasing
the rotational speed leads to a higher number of revolutions Nt of
the vessel for a given amount of time.

Nt ¼ X � t ð4Þ
The number of revolutions performed by the vessel in our

examples are summarized in the table associated to Fig. 9. Another
set of experiments were carried out by adjusting the grinding time
according to the rotational speed in order to keep the number of
revolutions constant at Nt ¼ 100. The results are given by the dot-
ted bars on Fig. 9. It appears that the powder samples ground at
higher rotational speeds with a fixed number of revolution (dotted
bars on Fig. 9) exhibit a slightly better flowability, meaning that
they are less reduced in size. This is due to the smaller grinding
time (given on the right of Fig. 9) required to achieve the fixed
number of revolutions for higher rotational speeds.

A higher number of revolutions leads to a higher number of
periodical impacts in the powder bed due to pebbles projected in
cascade or cataract regimes and resulting in more particle frag-
mentation. However, the amount of such impacts does not have
any influence on the shearing fragmentation mechanism, which
occurs continuously within the pebbles bed. Thus, it can be
assumed that the impact fragmentation mechanism is related to
the number of revolutions of the vessel, Nt , while the shearing frag-
mentation mechanism is mostly governed by the grinding time, t.
It is then of a great interest to clarify whether the ball milling pro-
cess is governed by the grinding time or by the number of revolu-
tion in order to assess which fragmentation mechanism is the most
critical. However, it should be noted that the fragmentation mech-
anisms depend on the rotational regime of the vessel and thus on
the rotational speed imposed to the system. Therefore, Fig. 9 can-
not provide much more information concerning the fragmentation
mechanisms. Up to now, it remains unclear whether the flowabil-
ity of the ground powder beds is governed by the grinding time or
by the number of revolutions.
3.2.2. Parameters linked to the filling of the vessel
The number of pebbles and the mass of powder introduced into

the vessel are characterized by the filling ratios J for the pebbles
and f c for the powder. They correspond to the ratio between the
apparent volume occupied by the pebbles bed Vpebbles or by the
powder bed Vpowder and the total volume of the vessel V as
described in equation (5).

J ¼ Vpebbles

V
andf c ¼

Vpowder

V
ð5Þ

The flow function coefficients of the ground powder obtained
for various pebbles filling ratio set to J ¼ 0:1, 0:3 and 0:5, with a
constant powder filling ratio set to f c ¼ 3:3% are shown by the
hatched bars on Fig. 10. It clearly appears that the grinding process
is highly affected by the pebbles filling ratio. An intermediate ratio
of J ¼ 0:3 seems to be the most efficient to grind the powders
investigated as compared to the other pebbles filling ratio consid-
ered. However, the powder filling ratio, f c , which characterizes the
amount of powder within the vessel, also seems to be a critical
parameter that defines the properties of the resulting ground pow-
der. Indeed, it appears on Fig. 10, that the flow function coefficient
obtained for the powder ground with J ¼ 0:3 and f c ¼ 9:9%, is
twice higher than the one measured for the same powder ground
with f c ¼ 3:3% and with the same pebbles filling ratio, J. This result
can be explained by the fact that the particle fragmentation
depends on the specific energy provided to the particles, as sug-
gested by the energetic laws developed by Von Rittinger, Kick
and Bond [25]. This means that the ratio between the number of
pebbles and the amount of powder should also be considered.
The powder level, classically denoted as U and defined by equation
(6), can be used to describe such a ratio. A powder level equal to
U ¼ 1 means that the powder bed fills all the porosity, eg , between
the pebbles and thus arises at the same level than the pebbles bed
into the vessel before grinding.

U ¼ Vpowder

eg � Vpebbles
¼ f c
eg � J ð6Þ

The powder level corresponding to the grinding conditions rep-
resented by the hatched bars on Fig. 10 are given in the associated
table. The variation of the powder flowability as a function of J can
then be interpreted as representative of the effect of the powder
level used instead of being related to the pebbles filling ratio only.
Thus, another set of experiments was carried out, by varying the
pebbles filling ratio while adjusting the amount of powder poured
into the vessel in order to maintain a constant level of powder set
to U ¼ 1. The results, represented by the dotted bars on Fig. 10
seem to confirm that maintaining the same powder level in the
vessel allows to obtain similar results in terms of flowability, even



Fig. 10. Evolution of the flow function coefficient of ground powders according to the pebbles filling ratio J at constant powder filling ratio f c (hatched bars, left) and constant
level of powder U (dotted bars, right). All the grinding tests are performed in the same conditions with X ¼ 25rpm and t ¼ 4min.
if different pebbles and powder filling ratios are considered. How-
ever, we can notice that the flow function coefficient of the powder
ground with a filling ratio of J ¼ 0:3 and a level of powder of
U ¼ 1:00 appears slightly lower than the one obtained for J ¼ 0:1
and J ¼ 0:5 with the same powder level. Accordingly, an optimal
pebbles filling condition for grinding is situated around J ¼ 0:3 as
suggested in previous experimental studies [3,26] and recently
confirmed by discrete-element simulations [6].
Table 3
Physical variables of interested identified for the dimensional analysis of the ball
milling process with their dimensions (M for mass, L for length and T for time).

Parameter Notation Usual
units

Dimension

Vessel and pebbles properties
Inner diameter of the vessel Di mm L
Length of the vessel L mm L
Diameter of a pebble dg mm L
Powder properties
Bulk density of the powder qp g.cm�3 M.L-3

Initial properties of the particles }i various –
Final properties of the particles }f various –
Characteristic time of fragmentation s0 s T
Rotational parameters
Angular velocity of the vessel x rad.s�1 T�1

Average speed of a falling pebble vg cm.s�1 L.T�1

Average slope angle / � ø
Grinding time t min T
Filling parameters
Apparent volume occupied by the

pebbles
Vpebbles ml L3

Mass of powder mp g M
Other parameters
Gravity acceleration g m.s�2 L.T�2
4. Dimensional analysis

After investigating the most common grinding parameters in
the 1 L vessel in section 3, a more precise analysis will then be
developed in the following in order to provide scaling criteria for
the ball mill process that could apply to larger vessels. The dimen-
sional analysis will be carried out using the well-known
Buckingham-Pi method [27].

4.1. Application of the Buckingham-Pi method

The Buckingham-Pi method consists in identifying all the vari-
ables of interest for a given system and organizing them into
non-dimensional quantities that are believed to fully describe this
system. When applied to process scale-up, this approach provides
dimensionless groups that, when maintained constant, allows
keeping a given property constant [14]. In particular, it is com-
monly used for guiding industrial manufacturers for replicating
an industrial process at a laboratory or pilot scale or deducing
the behavior of a process from results obtained at much smaller
scale [12,13]. In the frame of the investigations reported in this
paper, the Buckingham-Pi method is applied to the ball mill system
in order to deduce the most significant dimensionless groups
involved in the ball mill process whatever the size of the vessel
used.

4.2. Definition of the system and identification of the variables of
interest

In this section, the ball mill system will be described into details
by identifying the physical variables that seem to be relevant for
the ball milling process. All the variables identified are summa-
rized in Table 3.

First, the grinding process takes place into a cylindrical vessel
which can be characterized by its inner diameter Di and its length
L. The vessel is filled with cylindrical pebbles characterized by their
diameter dg and their height lg . In this study, only the size dg of the
pebbles will be taken into account since all the pebbles used share
the same aspect ratio of kg ¼ dg=lg ¼ 1. The porosity of the pebbles
bed eg could not be measured directly by it will not be taken into
account because it is not supposed to change with the dimensions
of the mill, provided that any wall effect is negligible. Such an
assumption seems reasonable considering the size of the pebbles
as compared to the diameters of the vessels, however, one should
keep this in mind when analyzing the results. Similarly, since all
the vessels and pebbles are made of the same materials, the wall
friction coefficient lw between the vessel and the pebbles and
the density of the pebbles qg will not be taken into account. The
number of pebbles introduced within the vessel is characterized
by the apparent volume of the pebbles bed Vpebbles when the vessel
is at rest.

The vessel is rotating horizontally in the longitudinal axis with
an angular velocity x under the gravity acceleration g for a given
grinding time t. The rotation of the vessel triggers the movements
of the pebbles bed, which forms an average slope angle / with the
horizontal, as shown on Fig. 4 and on Fig. 5. At the powder bed sur-
face, the pebbles are falling at an average speed of vg ¼ kv!gk as
represented on Fig. 5.



Finally, the amount of powder is characterized by the mass of
powder mp poured into the vessel and by its bulk density qp before
grinding. A column vector } will be used to describe the properties
of the particles that may affect the flowability of the powders; this
may include particle size distribution, specific surface area, surface
roughness, surface energy and shape descriptors associated to the
particles. Since those properties are likely to vary through the
grinding process, the column vectors }i and }f will be used to
describe the value of these parameters before and after grinding
respectively. The rheology of a given powder is mostly controlled
by the interaction between its constituting particles. The flowabil-
ity of a ground powder is then expected to vary with the values
contained in the } vector. Moreover, in order to take into account
the particles fragmentation, a tensile threshold stress, r0, which
represents the internal cohesion of the particles and thus defines
the minimum amount of energy required to break them, is consid-
ered. A characteristic fragmentation time, s0, can be obtained from
r0 according to equation (7), which corresponds to the character-
istic time between two successive fragmentation events. An analo-
gous approach can be found in [23].

s0 ¼ 1
g

ffiffiffiffiffiffi
r0

qs

r
ð7Þ

where qs represents the true density of the powder. For this
dimensional analysis, the characteristic fragmentation time s0 will
be used instead of the tensile stress threshold r0.

4.3. Identification of the dimensionless groups

To summarize, a total of n ¼ 14 physical parameters were iden-
tified. They are presented in Table 3 with the corresponding units
and dimensions. According to this Table 3, all parameters can be
expressed using only k ¼ 3 elementary dimensions: mass, length
and time. Then, the Vaschy-Buckingham theorem states that the
whole system can be described from p ¼ n� k ¼ 11 dimensionless
numbers, which can be identified by combining together the phys-
ical parameters of the system investigated. The system of variables

qp;Di;x
n o

was chosen as a basis to express all the other physical

parameters. The dimensions of the variables expressed in the new
basis are given in Table 4. Concerning the }i and }f vectors repre-
senting the initial and final properties of the powder, their dimen-
sion could not be precisely defined since it depends on the
properties considered (particle sizes, specific surface area, surface
energy. . .). Anyway, the dimensions of }i and }f are expected to be
a combination of mass, length and time. The corresponding dimen-
sionless numbersp10 ¼ f }ið Þ andp11 ¼ f }f

� �
will be addressed later

in this section. The other dimensionless numbers are: p1 ¼ L=Di,
p2 ¼ dg=Di, p3 ¼ s0 �x, p4 ¼ vg= Di �xð Þ, p5 ¼ /, p6 ¼ t �x,

p7 ¼ Vpebbles=Di
3, p8 ¼ mp= qp � Di

3
� �

and p9 ¼ g= Di �x2
� �

.

The final dimensionless numbers can then be defined by com-
bining the primary dimensionless numbers pi¼1:11 together. All
the definitive dimensionless numbers obtained are then summa-
rized and defined in Table 5. Among them, the aspect ratio of the
vessel k and the pebble-vessel ratio d are linked to the geometrical
configuration of the system investigated. The pebbles filling ratio J
Table 4
Physical variables expressed in the basis of the dimensions of.qp;Di;x

Variable L dg }i }f s0 vg /

M 0 0 – – 0 0 0
3 M + L 1 1 – – 0 1 0
-T 0 0 – – �1 1 0
and the level of powder U, as defined previously in section 3.2.2,
are both related to the vessel filling conditions.

The number of revolutions of the vessel Nt and the number of
fragmentation events nf are both related to the grinding time.
Finally, the Froude number Fr, the velocity ratio m and the average
slope angle of the bed / are related to the vessel and pebbles
movement. The relation linking those three parameters has already
been investigated by a velocimetry analysis carried out in section
3.1. In particular, it appeared on Fig. 7 and Fig. 8 that setting the
Froude number to a given value also defines the velocity ratio
and the average slope angle. This is true, at least, in the range of
vessel rotational speeds investigated in this study. Thus, those
three parameters seem to be redundant and only the Froude num-
ber can be considered. The average slope angle of the pebbles bed,
/, and the velocity ratio, t, can thus be removed from the list of
dimensionless numbers presented in Table 5, which brings the
actual number of independent non-dimensional groups to p ¼ 9
instead of 11.

Concerning the initial and final properties of the powder bed
characterized by the }i and }f vectors, they can be adimensional-
ized in the form of the granular Bond number Bog that corresponds
to the ratio between interparticle cohesive forces and gravitational
forces applied to the particles constituting the powder bed. The
granular Bond number of a given powder can be computed from
its constituting particle properties. It describes the resistance of
the powder to gravitational flow due to cohesive behaviors of the
particles [28]. In particular, this dimensionless granular Bond num-
ber was shown to correlate well with the macroscopic flowability
of several powders, represented by the flow function coefficient
[9]. Accordingly, the granular Bond numbers p10 ¼ Bog;i and
p11 ¼ Bog;f can then be employed as dimensionless numbers to
represent the flowability of the powders before and after grinding.

It should be noted that the dimensional analysis has been car-
ried out specifically for the experimental setup used for the inves-
tigations reported in this paper. However, the friction coefficient
between the wall and the pebbles lw, the pebble bed porosity eg ,
the pebble aspect ratio kg and their true density qg should also
be considered in addition to the other parameters described above
in a more general case.

4.4. Scale-up criteria

According to the Vashy-Buckingham theorem, the whole sys-
tem described in the section 4.2 can be fully defined by the 9
dimensionless numbers that are summarized in Table 5. In partic-
ular, that means that keeping 8 of these numbers constant while
changing the dimensions of the equipment implies that the last
one has to remain constant as well. This provides scale-up criteria
for the ball milling process. Indeed, the flow properties of the
ground powder, represented by its granular Bond number Bog;f
can be reproduced at any scale, providing that all the other dimen-
sionless numbers are kept constant, as shown in equation (8). In
this section, we will discuss the implications of keeping each
dimensionless number constant for reproducing the ball mill pro-
cess at any scale and targeting to keep Bog;f constant.

Bog;f ¼ F k; d; J;U;Bog;i;Nt ;nf ; Fr
� � ð8Þ
t Vpebbles mp g qp Di x

0 0 1 0 1 0 0
0 3 3 1 0 1 0
�1 0 0 2 0 0 1



Table 5
Dimensionless numbers obtained from the dimensional analysis of the ball mill
process.

Dimensionless number Notation and
definition

Combination

Geometrical configuration
Aspect ratio of the vessel k ¼ Di

L ¼ p1
�1

Pebble to vessel ratio d ¼ dg
Di

¼ p2

Filling conditions
Pebble filling ratio (see equation (6)) J ¼ Vpebbles

p
4�Di

2L
¼ 4

p � p7 � p1
�1

Level of powder U ¼ mp

qp �p4Di
2L

¼ 4
egp � p1 � p8

Powder properties
Granular Bond number before

grinding
Bog;i ¼ FIP;i

Wp
¼ p10

Granular Bond number after
grinding

Bog;f ¼ FIP;f
Wp

¼ p11

Rotation of the vessel
Average slope angle / ¼ p5

Velocity ratio m ¼ 2vg

Dix
¼ 2p4

Froude number Fr ¼ Dix2

2g
¼ 1

2 � p9
�1

Grinding time
Number of revolutions Nt ¼ xt ¼ p6

Number of fragmentation events nf ¼ t
s0 ¼ p6 � p3

�1

Table 6
Pebble to vessel ratios according to the pebble/vessel configuration. The number of
pebbles needed to fill the vessel at J ¼ 0:3 is given in parenthesis.

Vessel \ pebbles 8x8 mm 15x15 mm

1 L d ¼ 6:9% Ng � 500
� �

d ¼ 12:9% Ng � 75
� �

2 L d ¼ 5:5% Ng � 1000
� �

d ¼ 10:3% Ng � 150
� �

7 L d ¼ 3:7% Ng � 3500
� �

d ¼ 7:0% Ng � 530
� �
First of all, the conservation of Bog;i is almost trivial since it sim-
ply means that the same powder has to be used whatever the size
of the mill, in order to obtain the same results in terms of final rhe-
ological properties. Then, the conservation of k and d provide geo-
metric similitudes for the vessel and pebbles design. In particular,
the conservation of d implies that the size of the pebbles should be
adjusted according to the size of the vessel. One can notice that
with three vessel sizes (see Table 2) and only two pebbles sizes
available (8x8 and 15x15 mm), the conservation of the ratio d is
not achieved systematically in this investigation. This issue will
be discussed in section 5.1. The conservation of the J and U filling
ratios can also be related to geometric similitudes since they tend
to reproduce the same geometric configuration by adjusting the
amounts of pebbles and powder to the vessel size. The importance
of keeping the filling ratios constant has already been demon-
strated experimentally for a single 1 L vessel in section 3.2.2. More-
over, keeping U and J constant implies that the powder filling ratio
f c remains also constant in virtue of equation (6). Thus, when the
vessel’s size changes, the conservation of Bog;i, k, d, J and U can
be achieved relatively easily by using the same powder, dimen-
sioning the vessel and the pebbles wisely and adjusting the num-
ber of pebbles and the mass of powder according to the
considered configuration. The three remaining parameters are Nt ,
nf and Fr, which are related to the vessel’s rotational speed, x,
and to the grinding time, t. These parameters thus define which
operational conditions should be chosen in order to get similar
results in vessels of different scales, after dimensioning and filling
them properly.

First, the vessel’s rotational speed should be adjusted according
to the Froude number, Fr, considered. The Froude number corre-
sponds to the ratio between the centrifugal and gravitational forces
acting on the pebbles located at the wall of the vessel. Thus, we can
consider that the conservation of the Froude number leads to the
respect of the dynamic similitudes through the scale up. The veloc-
ity ratio, t, and the average slope angle of the pebbles, /, could also
be considered since they were identified in the dimensional analy-
sis. However, those two parameters were shown to be redundant
with the Froude number for rolling rotational regimes in the
velocimetry analysis carried out in section 3.1.

Finally, the number of revolution Nt is mainly related to the
number of impacts caused by the pebbles that are projected at
the bottom of the powder bed. From the powder point of view,
the impact fragmentation appears to be a periodical phenomenon
governed by the number of revolutions made by the vessel. On the
other hand, the fragmentation number nf is rather related to the
collisions and frictions at a smaller scale between pebbles occur-
ring anywhere within the pebbles bed, resulting in shearing frag-
mentation mechanisms. Thus, we can assume that Nt is mainly
significant for fragmentation mechanism by impact while nf is
related to the fragmentation mechanism by shearing. Since the
rotational speed of the vessel is already defined by the Froude
number, the simultaneous conservation of Nt and nf leads to a con-
tradiction. Indeed, the grinding time, t, cannot be chosen according
to Nt , which is related to the operational condition, and nf , which
only depends on the powder properties, at the same time. Thus,
determining whether the scale-up of the ball mill is governed by
Nt or nf may provide meaningful information concerning the dom-
inant mechanisms of fragmentation involved during ball milling
process of a given powder. This matter is addressed in section 5.2.

5. Experimental results and discussion

The dimensional analysis carried out in section 4.1 provides
dimensionless numbers that should be kept constant while chang-
ing the dimensions of the ball mill system, in order to obtain sim-
ilar results in terms of powder flow. However, it is still unclear
whether the grinding time should be adjusted to match a constant
number of revolutions Nt or a constant number of fragmentations
nf . Before addressing this aspect in section 5.2, the effect of the
pebble to vessel size ratio d will be discussed in section 5.1.

5.1. Effects of the pebble to vessel size ratio

The experimental setup includes three sizes of vessels for only
two sizes of pebbles. The pebble to vessel size ratios d correspond-
ing to each possible configuration are reported in Table 6. It
appears that d can be kept approximately constant between the
1 and 7 L vessels by using the 8x8 mm and 15x15 mm pebbles
respectively. However, there is no configuration allowing us to
keep d constant between the 1 and 2 L vessels. In order to clarify
the influence of the pebble to vessel ratio, the alumina powder
has been ground in the 1 and 2 L vessels with both pebble geome-
tries for various rotational speeds and grinding durations. The ves-
sels rotational speeds were chosen in order to get constant Froude
numbers, Fr, whatever the vessel used. Likewise, the grinding time
was chosen in order to get an identical number of revolutions Nt .
This implies that the fragmentation number, nf , related to the char-
acteristic fragmentation time, s0, was not exactly the same
between both vessels. However, it can be assumed that they are
quite close considering the similarity of the inner diameters for
both vessels. For example, for a powder ground in the 1 L vessel
with Fr ¼ 0:04 and Nt ¼ 100, the conservation of nf in the 2 L vessel
implies a grinding time of 4 min, while the grinding time was set to
4 min and 33 s in order to match Nt ¼ 100. The flow function coef-
ficients of the powder obtained in each grinding conditions were
measured with the FT4� shear tester, as described in section
2.1.2. The results are shown on Fig. 11 where the incertitude inter-
vals correspond to the standard deviations between two samples of



Fig. 11. Flow function coefficients of powder samples ground in various conditions
using different vessels and pebbles.
the same ground powder that have been tested. It appears that the
ground powder does not have the same flowability depending on
the pebble/vessel configuration, despite the fact that the Froude
number and the number of revolutions are kept constant and the
number of fragmentations are very close. In particular, the flowa-
bility of the powder seems to decrease when the pebble to vessel
ratio is smaller, even if the other non-dimensional groups are kept
constant. This suggests that the efficiency of the grinding operation
increases when using smaller pebbles. This result is consistent
with previously reported experimental [29] and simulation [6]
results. This can be explained by the fact that decreasing the peb-
bles size at fixed vessel filling ratios increases the total solid sur-
face developed by the pebbles, promoting the shearing
fragmentation mechanisms. Similarly, as far as smaller pebbles
lead to a higher number of pebbles, Ng , it leads to a higher number
of contacts between pebbles. As an example, the number of peb-
bles needed to fill the vessel at J ¼ 0:3 in every pebble/vessel con-
figurations is given in parenthesis in Table 6.

A focus on the grinding conditions defined by Fr ¼ 0:04 and
Nt ¼ 100 is shown on Fig. 12, where all the possible pebble/vessel
configurations for the 1, 2 and 7 L vessels were tested. Considering
the 1 and 2 L vessels, it clearly appears that the flow function coef-
ficient is lower when the pebble to vessel ratio decreases, meaning
that the powder is more ground. However, this is no longer true
when considering the powder ground in the 7 L vessel with the
15x15 mm pebbles. This configuration ensures a pebble to vessel
ratio of d ¼ 7:0%, which is very close to the one obtained in the 1
L vessel using the 8x8 mm pebbles (d ¼ 6:9%), but gives a flow
Fig. 12. Flow function coefficient of powder samples ground at Fr ¼ 0:04 and
Nt ¼ 100 using various pebbles in the 1 L, 2 L and 7 L vessels.
function coefficient significantly smaller despite the conservation
of Fr, Nt and d parameters simultaneously. This probably comes
from the fact that either the Froude number or the number of rev-
olutions (or both) are not the most relevant quantities to keep con-
stant through the scale up. This issue will be discussed in the next
section 5.2.
5.2. Scaling up the ball milling process: Rotational speed and grinding
time

We showed in the last section 5.1 that the conservation of the
Froude number and the number of revolutions provide relatively
good criteria for scaling up from the 1 L vessel to the 2 L one. How-
ever, this becomes less relevant when the dimensions of the vessel
becomemore important, as for example with the 7 L vessel. Indeed,
the conservation of these two dimensionless numbers failed to
provide similar results as compared to the ones obtained in the 1
and 2 L vessels (as shown on Fig. 12). This suggests that other
quantities, such as the wall velocity vw for the rotational speed
and the fragmentation number nf for the grinding time, should
be considered instead of the Froude number and the number of
revolutions. Concerning the vessel rotational speed, the conserva-
tion of the wall velocity provides a kinetic similitude instead of
the dynamic similitude associated to the conservation of the
Froude number. To what concerns the grinding time, the conserva-
tion of the number of revolutions consists in adjusting the grinding
time accordingly to the vessel’s rotational speed in order to main-
tain the same number of full revolutions of the vessel at any scale.
On the other hand, the conservation of the fragmentation number
consists in maintaining the same amount of fragmentation events,
which are characterized by a characteristic time s0. Since s0 only
depends on the powder properties and do not depend on the grind-
ing conditions, the conservation of the number of fragmentation
simply leads to grinding for the same duration, whatever the size
of the vessel.

In order to establish which ones of these quantities are the most
relevant, a reference grinding experiment, denoted asM 7½ � was per-
formed in the 7 L vessel, with the 15x15 pebbles, for a rotational
speed of X ¼ 25rpm and for a grinding time set to t ¼ 4min. The
corresponding Froude number, wall velocity, number of revolu-
tions and fragmentation number are given in Table 7. Since the
fragmentation characteristic time is not known, the number or
fragmentation events is expressed in term of s0. Then, all the pos-
sible set of quantity conservations were tested in the 1 L vessel
with the 8x8 mm pebbles. Such mock-up grindings are denoted

as m 1½ �
Fr�Nt

, m 1½ �
Fr�nf

,m 1½ �
vw�Nt

and m 1½ �
vw�nf according to the quantities cho-

sen (see Table 7). By comparing the flowability obtained between
the 1 and the 7 L vessels on Fig. 13, it appears that the grinding

conditions leading to the most satisfactory results is m 1½ �
Fr�nf

, where

the Froude number and the fragmentation number are identical to
those of M 7½ �. All the other conditions, implying the conservation of
the wall velocity or the number of revolutions failed to give similar
results as compared to those obtained in the 7 L vessel. By the way,
it is possible to check that all the other results presented on Fig. 13

are consistent. For example, the m 1½ �
Fr�Nt

grinding test has the same

Froude number than M 7½ � but a smaller fragmentation number,
which leads to a higher flowability, interpreted as a less ground

powder. On the other hand, the m 1½ �
vw�nf grinding test has the same

fragmentation number but a higher Froude number than M 7½ �

which leads to a more ground powder with a smaller flow function

coefficient, as expected. Finally, the m 1½ �
vw�Nt

grinding test has about

twice the Froude number ofM 7½ � and half of its fragmentation num-
ber. However, the flow function coefficient is still higher than the



Table 7
Grinding conditions experimentally tested with the 1, 2 and 7 L vessels.

vessel/pebble XðrpmÞ tðsÞ Frð�Þ vwðm � s�1Þ Ntð�Þ nf ð�Þ

M 7½ � 7 L / 15x15 mm 25 240 0.075 0.28 100 240 / s0

m 2½ �
Fr�nf

2 L / 8x8 mm 30 240 0.075 0.23 120 240 / s0

m 1½ �
Fr�Nt

1 L / 8x8 mm 34 176 0.075 0.21 100 167 / s0

m 1½ �
Fr�nf

1 L / 8x8 mm 34 240 0.075 0.21 136 240 / s0

m 1½ �
vw�Nt

1 L / 8x8 mm 46 130 0.137 0.28 100 130 / s0

m 1½ �
vw�nf

1 L / 8x8 mm 46 240 0.137 0.28 276 240 / s0

Fig. 13. Flow function coefficient of the powder samples ground in the conditions
described in Table 7.

Fig. 14. Volume particle size distribution of the powder samples ground in the 1 L
and the 7 L vessels in various conditions described in Table 7.

Table 8
Sauter mean diameters corresponding to the particle size distributions of Fig. 14 and
total squared error of the particle size distribution compared to the M7 grinding test.

Sauter mean
diameter dsðlmÞ

Total squared error compared to the M 7½ �

particle size distribution

M 7½ � 8:8 0

m 1½ �
Fr�Nt

9:3 2:072

m 1½ �
Fr�nf

8:5 1:049

m 1½ �
vw�Nt

9:4 1:666

m 1½ �
vw�nf

7:7 3:754
one obtained for M 7½ �, suggesting that the fragmentation number
has a larger impact on the flowability of the ground powders. These
results show that the conservation of the Froude number and of the
fragmentation number are the best criteria for scaling up the ball
mill process in terms of flowability of the resulting ground powder.
Since the flowability of powders is closely related to their particle
size distribution [9], we can assume that these scaling criteria also
ensures the conservation of the particle size after grinding. This
point was verified by comparing the particle size distributions,
obtained by LASER diffraction, for the mock-up grinding tests to
that of theM 7½ � grinding test. The results are given on Fig. 14, where
the raw powder, before grinding is represented in dotted line as a

comparison. Once again, it appears that the m 1½ �
Fr�nf

grinding test is

the one exhibiting the closest particle size distribution as com-
pared to the powder ground in the 7 L vessel. The similarity of
the volume particle size distributions obtained between the
mock-up grinding tests (1 L vessel) and the reference grinding test
(7 L vessel) can be assessed by comparing the corresponding Sauter
mean diameters corresponding to the distributions. The total
squared errors between the particle size distributions of the mod-
els and reference grindings has been calculated as well. The results,

given in Table 8, shows that the m 1½ �
Fr�nf

grinding test almost per-

fectly reproduces the particle size distribution obtained in M 7½ �.
These results confirm that the Froude number and the fragmenta-
tion number are the most relevant dimensionless numbers that
govern the grinding of powders in a ball mill.

In order to go further regarding these results, another grinding

test, denoted m 2½ �
Fr�nf

was performed in the 2 L vessel, with the 8x8

mm pebbles. The rotational speed and the grinding time were
adjusted so that Fr and the nf are identical to those in the 7 L vessel.
The measured flow function coefficient, shown on Fig. 13 is very
similar to the one obtained in the 7 L vessel. The fact that the flow

function coefficient of m 2½ �
Fr�nf

is slightly smaller than those of m 1½ �
Fr�nf
and M 7½ � can be explained by the smaller pebble to vessel size ratio
in the test configuration used (d ¼ 5:5%) as compared to the 1 and
7 L configurations (respectively d ¼ 6:9% and d ¼ 7:0%). As
explained in section 5.1, a smaller pebble to vessel size ratio leads
to a higher number of pebbles and thus a larger number of colli-
sions for a constant vessel filling ratio J, which results in more
grinding at a constant energy provided to the system.

As a conclusion to this section, we show that the rotational
speed of the vessel should be adjusted to the vessel size in order
to keep the Froude number constant. This implies that dynamic
similitudes have to be taken into account rather than kinematic
similitudes. Similarly, the grinding time should not vary whatever
the vessel size in order to maintain the same fragmentation num-
ber. As discussed previously in section 4.4, the flowability of the
ground powders would only be driven by the number of revolu-
tions if the impact mechanisms were predominant among the par-
ticle fragmentation events. However, according to the results
discussed in this section, the ball milling process seems to be
mostly governed by the fragmentation number rather than the
number of revolutions. Therefore, it can be speculated that grind-
ing of alumina powder in a ball mill is mostly governed by shearing
fragmentation mechanisms. However, it should be noted that the



grinding operation may be governed by the number of revolutions
with coarser particles or at higher Froude numbers, corresponding
to the cataracting regime, where the fragmentation of the particles
by impact is more likely to occur.
6. Conclusion and perspectives

This paper provides an exhaustive dimensional analysis of a ball
milling process of an alumina powder including a critical discus-
sion about each parameters, based on experimental results. Scaling
criteria are suggested in order to reproduce the flowability and the
particle size distribution of the ground powders for various ball
mill sizes. In particular, the importance of maintaining constant
the pebble to vessel ratio d, the filling ratios U and J, the Froude
number Fr and the fragmentation number nf , which basically leads
to the conservation of the grinding time, were evidenced both the-
oretically and experimentally. In particular, this work shows that
the size of the pebbles should be adjusted to the dimensions of
the vessel in order to maintain the same specific surface area
developed by the pebbles bed, which is a key parameter, related
to the shearing fragmentation mechanisms. Other scaling criteria
such as the vessel and pebbles aspect ratios k and kg , the pebble
bed porosity eg or the wall friction coefficient lw were also high-
lighted but could not be investigated experimentally.

The conservation of the Froude number, resulting in a dynamic
similitude, was shown to reproduce effectively the motion of the
pebbles within the pebbles bed. This was established by measuring
the flowability and the particle size distribution of ground powder
under various conditions, at different scales and by tracking the
movement of the pebbles within the bed thanks to video recording.
This also allowed us to evidence the transition between two
motion regimes within the ball mill: a rolling regime for
Fr � 0:13 in which the pebbles velocity is driven by the collisions
with other pebbles and a cascading regime for Fr � 0:13 in which
the pebbles velocity is proportional to the vessel wall velocity.

Finally, the number of particle fragmentation events was shown
to govern the evolution of the flowability of the alumina ground
powder rather than the number of revolutions of the vessel. This
was interpreted as the result of the predominance of shearing frag-
mentation mechanisms over impact for alumina particles, in roll-
ing and cascading motion regimes. It should be noted that the
characteristic time of fragmentation s0 was assumed to be the
same for each particle constituting the powder bed. However,
one can expect that the mechanisms and the kinetics of fragmen-
tation depend on the size of the particles involved. Therefore, it
would be of great interest to investigate the mechanisms of frag-
mentation of the alumina particles according to the particle size
distribution. This could be achieved by defining the characteristic
time of fragmentation from the selection and breakage matrices
commonly used for the population balance simulation of the grind-
ing operations [30]. In particular, the selection function can be
interpreted as a kinetic constant associated to each particle size
class within the powder [25]. Therefore, a population dependent
characteristic time of breakage could be defined by taking the
inverse of the selection function. Such considerations should be
further explored in future investigations.

The scaling criteria established in this study were shown to be
consistent for extrapolating the results for vessels from 1 L to
7 L, which corresponds to sizes from the laboratory to the pilot
scale. However, one can wonder if these principles could also be
applied for extrapolations to larger scales. In a similar investiga-
tion, Mayer-Laigle [31,32] used the principle of similarities to
establish scale-up laws for a powder mixing operation carried
out in Turbula� mixers. The scaling criteria obtained allowed to
get similar mixtures with vessels from 2 L to 17 L. However, signif-
icant differences were observed when applying these criteria to an
industrial vessel of 50 L, suggesting that other mechanisms must
be considered when extrapolating at larger scales. According to
the authors, this could be due to the larger free surface available
at the top of the powder bed that may induce more percolation
in the industrial mixer. This means that the criteria obtained dur-
ing our investigations should be considered with care when
extrapolating to the industrial scale. This matter should be investi-
gated in more details in further studies.
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