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The present work aims to model the influence of microstructural features of Ti-6Al-4V
titanium alloy on its mechanical behavior. A multi-scale approach based on crystal plasticity
is considered. The elasto-viscoplastic constitutive equations of Meric-Cailletaud are modified
to take into consideration the effect of the grain size by introducing the Hall-Petch relation-
ship at the local scale. This modified model is coupled with finite element calculations under
small strain assumption to simulate the monotonic mechanical behavior of Ti-6A-4V at lo-
cal and global scales. It is shown that the mechanical behavior of Ti-6Al-4V is drastically
dependent upon the material features. Strong crystallographic texture can result in the for-
mation of hardened and less hardened areas. Moreover, by increasing the grain size scattering,
the heterogeneously deformed areas are multiplied. By decreasing the average grain size, the
yield strength increases. It is observed that the effects of grain size, grain size scattering and
crystallographic texture are coupled.

Key words: Ti-6Al-4V alloy; crystal plasticity; grain size; crystallographic texture; scattering
of grain size; multi-scale modeling.

1. Introduction

Because of its high specific strength, good fatigue, and corrosion resistance
Ti-6Al-4V titanium alloy is one of the most widely used materials in aeronautical
and aerospace industries.

At room temperature, Ti-6Al-4V mechanical behavior is generally controlled
by the behavior of α-phase (90%) since the fraction of β-phase is less than
10% [19]. The plastic strain of α-phase is accommodated by crystallographic slip
mechanism because the addition of some elements such as the aluminum reduces
the presence of twinning [11, 20, 21, 27, 29]. Crystallographic slip mechanism
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can be hindered by various obstacles: friction of the crystalline lattice, sessile
dislocations and grain boundaries.

The α- phase of Ti-6Al-4V presents a hexagonal closed packed lattice (HCP);
thus, a variety of slip system families can control the plastic behavior. The grain
features (size and orientation) on the one hand and the HCP lattice of the α-
phase on the other hand can induce a heterogeneous and discontinuous plastic
strain at the local scale which leads to an anisotropy at the global scale. Good
knowledge of Ti-6Al-4V behavior is required to take into account the effects of
grain dimensions as well as their scattering and their crystallographic texture
on the activation of slip mechanism. In such cases, modeling based on crystal
plasticity approach and scale transition rules becomes necessary.

Different phenomenological [8, 16, 17] or quasi-physical [26] models already
developed can properly predict the plastic behavior of Ti-6Al-4V. Gerard et al.
[9] have compared the reliability of the quasi-physical model of Tabourot [26]
and the phenomenological model of Meric-Cailletaud [17]. They have shown
that both models are able to describe the behavior of polycrystals. However,
the identification of Tabourot model parameters is more difficult than that of
Meric-Cailletaud model. Crystallographic texture effects have been introduced
in these models through the evolution of resolved shear stress (RSS) of slip
systems. Modeling of the influence of average grain size has been less reported.
McDowell et al. [5, 16] and Fromm et al. [8] have introduced the role of
the grain morphology on the mesoscopic behavior of Ti-6Al-4V using a local
Hall-Petch relationship [13, 18] proposed by Weng [28]. Effects of scattering
have been rarely investigated in Ti-6Al-4V. In most of the previous numerical
contributions, the grain size distribution was considered homogeneous [8].

The aim of this work is to model the effects of the microstructural features
on the monotonic tensile behavior of Ti-6Al-4V alloy. A microscopic phenomeno-
logical model in which the effect of grain size is introduced through a local Hall
Petch relationship is developed. A representative elementary volume (REV) able
to take into account the grain morphology and crystallographic texture is first
generated, then homogenization procedure is conducted using the finite element
method. The behavior is then evaluated from micro (slip system) to meso (grains
size) and then at macro (REV) scales.

2. Numerical procedure

The modeling of the mechanical behavior of Ti-6Al-4V is based on a phe-
nomenological description of crystallographic sliding in α-phase, as mentioned
above. Three families of the slip system: basal 〈a〉, prismatic 〈a〉 and pyramidal
〈c+ a〉 illustrated in Fig. 1 are considered. The total number of slip systems is 12
(3 basal, 3 prismatic, and 6 pyramidal).
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a) b) c)

Fig. 1. Slip systems families studied in this paper: a) basal 〈a〉, b) prismatic 〈a〉,
c) pyramidal 〈c+ a〉.

2.1. Constitutive law

Modeling of crystallographic sliding activation is based on Schmid’s law [25]
where the resolved shear stress (RSS) of each slip system can be used as a critical
variable. Thermodynamic formulation and state variables are considered to give
the phenomenological description of each slip system behavior.

2.1.1. Schmid-Boas law. The RSS is given as the product of Cauchy stress
tensor σ c and the orientation tensor according to Schmid-Boas law [25]. For all
slip strain rate in system s |γ̇s| > 0, the prescribed slip system can be activated
when its resolved shear stress τ s reaches the critical value τc (CRSS) as

(2.1) τ s = nsσ gms ≥ τ sc ,

where σ g is the stress tensor applied on grain g, ns, and ms are the normal and
the direction of slip plane s respectively.

2.1.2. Formulation of local behavior model. In the Meric-Cailletaud model
[17], the slip strain rate γ̇s of a given system s is described by a power function
of the resolved shear stress τ s as

(2.2) γ̇s = v̇s sign(τ s − χs),

with

(2.3) v̇s =

〈
|τ s − χs| − rs

K

〉n
.
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The
〈
.
〉
is Macaulay brackets defined as

〈
x
〉

=

{
0, x < 0

x, x ≥ 0

}
.

χs and rs are the kinematic and the isotropic hardening variables of slip
system s, respectively, τ s is the resolved shear stress of system s, K, and n
characterize the material viscosity. The isotropic hardening variable rs describes
the expansion of the elastic behavior domain, and its initial value gives the
critical resolved shear stress τ sc . This variable introduces the interaction between
slip systems via a hardening matrix. Its exponential form allows a nonlinear
saturation of critical resolved shear stress (CRSS):

(2.4) rs = τ sc +Q
∑
r

hrs(1− e−bρ),

with

(2.5) ρ̇s = (1− bρs)v̇s,

where b and Q represent the material sensibility to the saturation and the
isotropic hardening rate respectively, hrs is a hardening matrix and ρ is an
internal state variable describing the evolution of isotropic hardening in sys-
tem s.

Moreover, the nonlinear kinematic hardening of slip systems describes the
Bauschinger effect observed in macroscopic hysteresis loops resulted from the in-
ternal stresses at the mesoscopic scale. It is given according to the Armstrong-
Frederick form [7]:

(2.6) χs = Cαs,

with

(2.7) α̇s = γ̇s − dαsχ̇s,

where αs is an internal state variable describing the evolution of kinematic hard-
ening in slip system s, C and d are material parameters.

2.1.3. Hall-Petch relationship. In order to take into account the effect of
grain size of the α phase, the Hall-Petch relationship [13, 18] is introduced in
the local model when calculating the critical resolved shear stress τ sc of each slip
systems as

(2.8) τ sc = τ s0 +Khp
1√
D
,



MULTI-SCALE NUMERICAL ANALYSIS. . . 231

where D is the average diameter of grain g, Khp is the Hall-Petch slope, and τ0

is a constant of lattice friction depending on c/a ratio in HCP materials.

2.2. Ti-6Al-4V microstructure

Generation of Ti-6Al-4V microstructure is performed using an open source
software Neper [22]. It consists in generating a REV able to represent the mi-
crostructural features of the equiaxed α grains.

2.2.1. Generation of the morphology. Four REVs with the size of
(120× 120× 120) µm3 are generated (see Table 1). Equiaxed grains are con-
sidered using Voronoi tessellations approach.

Table 1. Different cases of generated REV morphology.

REV Grain number Grain size [µm] Scattering
1 1900 3 ∆D/D = 0

2 300 14 ∆D/D = 0

3 1900 3 ∆D/D = 2.5

4 300 14 ∆D/D = 2.5

The generated REVs allow to study two average grain sizes: 3 µm and 14 µm
with two scatterings: ∆D/D = 0 (Dirac distribution) and ∆D/D = 2.5 (log-
normal distribution), where ∆D defines the difference between the size of the
largest (Dmax) and the smallest grains (Dmin) as ∆D = Dmax − Dmin. The
generated REVs as well as the proposed scattering functions are illustrated in
Figs 2 and 3 respectively.

a) b)

Fig. 2. Grain size distribution: a) Dirac ∆D/D = 0, b) log-normal ∆D/D = 2.5.
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a) b) c) d)

Fig. 3. Generated REVs: a) 1900 grains with Dirac scattering ∆D/D = 0, b) 1900 grains
with log-normal scattering ∆D/D = 2.5, c) 300 grains with Dirac scattering ∆D/D = 0,

and d) 300 grains with log-normal scattering ∆D/D = 2.5.

It should be noted that the minimal number of grains (300) is optimized to
be representative in order to avoid any effect of grains number. Moreover, the
time needed to generate the REVs strongly depends on the number of grains, it
is about 2 hours in the case of 1900 grains and 20 min in the case of 300 grains.
Sphericity distribution of equiaxed grain shape is also considered (see Fig. 4).

Fig. 4. Statistical analysis of the grains sphericity distribution.

2.2.2. Generation of crystallographic texture. Figure 5 shows three crystal-
lographic textures that are generated and illustrated as pole figures using Mtex-
Matlab toolbox. Tx1 displays a relatively weak texture where the grains are
randomly oriented, this allows to consider Ti-6Al-4V as an isotropic material.
Tx2 reflects an intermediate textured material. Tx3 considers a strong textured
material where all grains have the same crystallographic orientation, and the
material is thus strongly anisotropic.
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a)

b)

c)

Fig. 5. Pole figures of modeled Ti-6Al-4V alloy in different product forms:
a) Tx1, b) Tx2, and c) Tx3.

2.3. Meshing and boundary conditions

Meshing techniques proposed by Quey et al. [22] and available in Neper are
adopted. Quadratic tetrahedral meshing elements (C3D10) are used with a mean
size of 1.25 µm (about 115 960 elements per REV). The number of elements per
grain depends on the given average grain size of each generated RVE as well as
their scattering (Table 1). It is approximately the same in the case of Ti-6Al-
4V with Dirac distribution (∆D/D = 0). However, in the case of log-normal
distribution (∆D/D = 2.5), the number of mesh elements strongly varies from
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a Voronoi cell to another in the same RVE. The mean number Nm
e , the maximum

number Nmax
e and the minimum number Nmin

e of mesh elements per grain are
presented in Table 2. The mesh elements of a given REV are shown in Fig. 6a.

Table 2. Grains meshing details.

Conditions Nm
e /grain Nmin

e /grain Nmax
e /grain

3 µm; Dirac distribution 61 52 73
3 µm; Log-N distribution 61 16 108
14 µm; Dirac distribution 382 343 402
14 µm; Log-N distribution 370 204 534

a) b)

Fig. 6. Meshing (a) and applied boundary conditions (b).

The boundary conditions consider retained displacements on three faces with
symmetrical conditions, and a displacement loading is applied to one of the free
faces according to the x-axis to obtain 2% of strain as illustrated in Fig. 6b.

3. Results and discussion

For each condition illustrated in Table 1, three initial textures are considered,
which leads to 12 finite element numerical simulations performed using Zmat
library [3, 4]. The model behavior parameters have been proposed by Dick
et al. [6] for equiaxed Ti-6Al-4V alloy (Table 3) where B, P , and π denote
respectively basal 〈a〉, prismatic 〈a〉, and pyramidal 〈c+ a〉 slip systems. The
Hall-Petch slopes are considered to be the same for all slip systems [16]. In
the present study, 2 processors with a clock rate of 2.8 GHz and a random access
memory (RAM) of 30 GB per node are considered for each calculation.
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Table 3. Material parameters of Ti-6Al-4V [6], Hall-Petch constants [16].

E
[MPa]

v b C
[MPa]

d n K
[MPa·s1/n]

Q [MPa] τ0 [MPa] Khp

[MPa·µm−1/2]
B P π B P π

119000 0.29 2 30.000 300 7.41 20 −49 −52 −83 394 380 630 17

3.1. Analysis of mechanical behavior at macroscopic scale

3.1.1. Grain size effects. Figure 7a shows that the grain size influences the
yield strength of the isotropic Ti-6Al-4V alloy (Tx1), by increasing the average
grain size, the yield strength decreases. However, when the Ti-6Al-4V becomes
more textured (Tx2), the grain size effects decrease (Fig. 7b). Here, the yield
strength seems to be dependent on the grain size, but the hardening has a ten-
dency to reduce this effect. For Ti-6Al-4V strongly textured (Tx3), it is observed
that there is no effect of grain size on Ti-6Al-4V
a) b) c)

Fig. 7. Influence of grain size on Ti-6Al-4V mechanical behavior when ∆D/D = 0
and the crystallographic texture is: a) Tx1, b) Tx2, c) Tx3.

3.1.2. Influence of grain size scattering. A considerable influence of grain
size scattering is seen for an average grain size about of 3 µm (Fig. 8a). How-
ever, by increasing the grain size, the effect of scattering decreases (Fig. 8b).
This can be confirmed by analyzing the Hall-Petch law at the macroscopic scale
that gives the relationship between the macroscopic yield strength σy and the
average grain size D. By increasing the average grain size, the ratio (Khp/

√
D)

is getting closer to 0 regardless of the scattering. Therefore, the yield strength
tends towards the same value (Fig. 8b). Similar results have been shown in other
investigation for polycrystal materials [1, 2, 23].

3.1.3. Crystallographic texture effects. Figure 9 shows that the yield strength
and the hardening are strongly influenced by the crystallographic texture. For
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a) b)

Fig. 8. Effect of grain size scattering on isotropic Ti-6Al-4V mechanical behavior
when the average grain size is (a) 3 µm and (b) 14 µm.

a) b)

Fig. 9. Influence of crystallographic texture on Ti-6Al-4V behavior when ∆D/D = 0
and grain size is (a) 3 µm, (b) 14 µm.

weakly (Tx1) and intermediate (Tx2) textured materials, the effects of crystal-
lographic texture appear when the average grain size decreases.

3.1.4. Role of the crystallographic slip mechanism. For each texture, a Schmid
factor is calculated for basal 〈a〉, prismatic 〈a〉, and pyramidal

〈
c+a

〉
slip systems

and presented in Fig. 10. This figure gives an idea of the percentage of grains
favorably oriented for a given sliding family (their Schmid factor SF0 ≥ 0.4).
The ability to activate a slip system increases when its Schmid factor increases.
However, the CRSS is different from one family to another with ratios of τPc

τPc
:

τBc
τPc

: τPy
c

τPc
= 1 : 1.05 : 1.68 for prismatic 〈a〉, basal 〈a〉, and pyramidal 〈c+ a〉

systems respectively [6]. The pyramidal family 〈c+ a〉 may be activated only
when grains are favorably oriented; thus, the plastic strain is mainly controlled
by prismatic 〈a〉 and basal 〈a〉 systems.
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a) b) c)

Fig. 10. Cumulative distribution F (SF ≥ SF0) of Schmid factors of basal 〈a〉 prismatic 〈a〉
and pyramidal 〈c+ a〉: a) Tx1, b) Tx2, c) Tx3. The representation of the distribution is chosen
so that the ordinate of a point SF0 gives the frequency F of grains having a Schmid factor

greater or equal to SF0.

The relative amount of the activated slip systems during tensile loading is
shown in Fig. 11. When Ti-6Al-4V is textured with Tx1 and Tx2, prismatic and
basal systems start to be activated locally after 0.2% of total strain while the ma-
terial always exhibits a macroscopic elastic behavior. Dislocations movement in
pyramidal systems is activated after 0.5% of strain. When the total deformation
reaches 2%, about 40.34% of prismatic, 28.33% of basal and 10% of pyramidal
systems are activated. Only 20% of prismatic systems have a Schmid factor larger
than 0.4 (Fig. 10), which indicates that these systems can be activated with small
Schmid factors. The plastic strain is accommodated by pyramidal 〈c+ a〉 sys-
tems only when Tx3 is considered. Here, the loading axis is perpendicular to the
slip direction 〈a〉 (see Fig. 1).

a) b) c)

Fig. 11. Variation of activated slip systems of basal 〈a〉, prismatic 〈a〉 and pyramidal 〈c+ a〉
families during tensile loading: a) Tx1, b) Tx2, c) Tx3.

It should be noted that Schmid factors only depend on the initial crystallo-
graphic texture. The small strain assumption considered in this paper allows to
suppose that there is no evolution of crystallographic texture during tensile tests.
Moreover, the CRSS depends on the size of each individual grain which means
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that the activation of slip systems of the same family can change according to
both crystallographic texture and individual grain size.

3.2. Analysis of mechanical behavior at mesoscopic scale

For the two scatterings of grain size: ∆D/D = 0 and ∆D/D = 2.5, the local
tensile stress σxx − εxx curves of 8 randomly selected grains are presented in
Figs 12 and 13. When Ti-6Al-4V is textured with Tx1 and Tx2, an important
heterogeneity of local behavior is shown in both ∆D/D = 0 and ∆D/D = 2.5.
Coarse grains can easily deform compared to small grains. The fast interaction
between mobile dislocations and grain boundaries in small grains leads to a stress
concentration, which induces a significant hardening. However, the local behav-
ior becomes more homogeneous when the material is textured with Tx3 (see
Figs 12c and 13c). Similar results have also been reported in previous studies
[10, 12, 15, 24]. Figures 14 and 15 illustrate the maps of Huber-Mises stress [14]
when the average grain size of Ti-6Al-4V is 3 µm and 14 µm, respectively. When
the material is textured with Tx1, a significant stress heterogeneity is shown

a) b) c)

Fig. 12. Local stress-strain curves of REV grains generated with scattering ∆D/D = 0,
the average grain size of 14 µm and: a) Tx1, b) Tx2, c) Tx3.

a) b) c)

Fig. 13. Local stress-strain curves of REV grains generated with scattering ∆D/D = 2.5,
the average grain size of 14 µm and: a) Tx1, b) Tx2, c) Tx3.
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a) b) c)

Fig. 14. Equivalent Huber-Mises stress map of Ti-6Al-4V REV generated with scattering
∆D/D = 2.5, the grain size of 3 µm and: a) Tx1, b) Tx2, c) Tx3.

a) b) c)

Fig. 15. Equivalent Huber-Mises stress map of Ti-6Al-4V REV generated with scattering
∆D/D = 2.5, the grain size of 14 µm and: a) Tx1, b) Tx2, c) Tx3.

(Figs 14a and 15a) mainly resulting from the random crystallographic orienta-
tions. The distribution of stresses becomes more homogeneous when the material
is textured with Tx2 and especially when grain size decreases (Figs 14b and 15b).
When Ti-6Al-4V is strongly textured (Tx3), a homogeneous distribution of stress
is observed in both average grain sizes (Figs 14c and 15c).

4. Summary and conclusions

A phenomenological crystal plasticity model has been developed to investi-
gate the role of Ti-6Al-4V microstructural features on the accommodation of
plastic behavior at macroscopic (REV) and mesoscopic (grains) scales during
tensile loading. The main conclusions of this research are summarized as follows:
• The grain orientation is shown to have a significant effect on the local and

global mechanical behavior of Ti-6Al-4V.
• Coupling between the effects of average grain size, scattering and crys-

tallographic texture is observed. The crystallographic texture effects are
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influenced by the average grain size. Moreover, the role of scattering is
shown when the average grain size decreases.
• The effects of grain size can be influenced by the initial crystallographic tex-

ture. When the material is strongly textured (all grains have the same crys-
tallographic orientation), the material can be considered as a monocrystal
with no effects of the morphology.
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