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Modelling of multiple-mechanism agglomeration in a
crystallization process
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“LGPSD, CNRS, Ecole des Mines d’Albi Carmaux, F-81013 Albi Cedex 09, France
YIFP-CEDI, BP3, F-69390 Vernaison, France

Abstract

A three-level agglomeration model coupled with crystal growth is developed. It accounts for Brownian, laminar, and turbulent
agglomeration. The desupersaturation profiles, the particle size distributions, the average sizes, and variances (or standard deviations), as well
as the instantaneous agglomeration degrees for each mechanism, can be calculated as functions of time. The model is applied to the
crystallization of an amorphous solid into a crystalline polymorph in a batch crystallizer. A runaway phenomenon is detected for
agglomeration when crystals are switching over from the Brownian regime to the laminar one: this switchover significantly affects the

desupersaturation curve and the crystal shapes.
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1. Introduction

In many crystallization cases, the final structure of
crystals shows multiple agglomeration levels with elemen-
tary crystals combined into primary agglomerates, which are
themselves bound into secondary agglomerates of different
sizes. A certain degree of agglomeration depending on
operating conditions is required for the further use of the
crystallized solid.

Agglomeration itself results from two steps, (a) binary
collision of mother particles and (b) sticking by growth of
crystalline bridges between particles [1]. Several authors
[2—4] have evidenced the multiplicity of collision mecha-
nisms and the existence of an efficiency factor for sticking,
which is a function of (a) the size domains of mother
particles and the agglomerate and (b) the hydrodynamic
conditions. As far as the collision mechanism itself is
concerned, one may distinguish Brownian (also sometimes
called perikinetic), laminar (orthokinetic), and turbulent
collision [2]. Similarly, the sticking efficiency depends on
sizes S; and S; of mother particles.
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Agglomeration rate constants have the following expres-
sions (1-3) [2,3]; it is generally accepted that the agglom-
eration rate is proportional to the growth rate G [3,4], but
this point will be discussed later:

1. Brownian collision at small scales with efficiency
proportional to G [2]:
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The transition scale from Brownian to laminar agglom-
eration can be related to the Batchelor microscale [5]. As
a slab of suspension is stretched by the stirring power, it
reduces from the Kolmogorov microscale /x to the
Batchelor microscale /g, where its shrinkage in thickness
is compensated by diffusion of the very small Brownian
agglomerates. The Brownian diffusion coefficient D of
these agglomerates of size S; writes after the classical
Stokes—Einstein relation [6]

D = kT /(3npsS;) (2)

Using the classical expression [5] of Batchelor micro-
scale,

I = (vD?/P)"/* 3)



If an agglomerate of size S becomes larger than /g, it
escapes from the suspension slab and is submitted to the
laminar flow regime. Thus,

Iy = l ko7 H " 4)
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2. Laminar collision for crystals smaller than the Kolmo-
gorov microscale lx=(v*/P)""* with efficiency propor-
tional to G [3]:
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Note that the laminar agglomeration rate constant is a
third-power function of size, whereas the Brownian one
is almost nonsensitive to the absolute size of mother
particles. The transition from the Brownian mode to the
laminar one will thus result in an acceleration of
agglomeration.

3. Turbulent collision is assumed to take place between
Kolmogorov and Taylor 4. microscales. Sticking is then
disturbed by turbulence [1,3]:
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When the size of agglomerates approaches the Taylor
scale /., the above expression (7) shows that the
agglomeration rate reduces to zero [1]. Then, the largest
agglomerates are rapidly destroyed by the turbulence.
The turbulent agglomeration mode is less sensitive to the
absolute size than is the laminar mode, but both rates
are dependent on the stirring power P, whereas the
Brownian agglomeration rate is not. Further, the
increasing stirring power accelerates laminar and
turbulent collisions.

Several models of crystallization (for instance, Refs.
[1,4,7-9]) involve agglomeration processes. However,
either constant agglomeration kernels are chosen [7] or a
single collision mechanism is taken into account [1,4.,8,9].
The aim of the present paper is to propose a model for cases
where different types of agglomeration take place and are
shown by the morphology of crystal agglomerates.

2. Model

The modelling of these processes is based on the method
of classes, introduced by David et al. [1], where the size scale
of particles is divided into N, classes, whose limits are in
geometric progression with a factor 2% [10], i.e., a factor 2

for the volumes. NV, is chosen in order to verify LNC>/IC. The
impact on class n of agglomerations between particles of
classes j and i=>j is represented by stoichiometric coeffi-
cients v, ;; by analogy with a chemical reaction system.
These coefticients have been calculated to conserve the solid
volume balance and the disappearance of one single particle
for each agglomeration (except for agglomeration (i,7) where
only half of the particle disappears due to symmetry).

Three different schemes of agglomeration have to be
distinguished:

1/2()) +1/2()) — 1/2(i + 1)
(i—1)+1/2(i) = 1/2(i+ 1)
Vif(Vi = V)G <i—=1)+ (@) = Vi/ (Vi = V))(i) (8)

The corresponding stoichiometric coefficients standing for
the impact of agglomeration (7, j) on class n of particles are

Vn,ii = 5n,i+1/2 - 5/1,[
Vni—1,i = 5n,i+1/2 - 5n,i/2 - 5n.i71

Vn,jA,i = Vj/(Vl - Vj)érz?i - Vl/(Vl - V_/’)én,j (9)
In other words, this description is now entirely consistent
with the classical zeroth- and third-moment equations
derived from the population balance equation in the case
of agglomeration, whereas the former model of David et al.
[1], resulted in an approximation of the zeroth moment
equation.

The population balance is discretized into N, classes. ¥
represents the particle size density function. For N>n>1 in a
batch crystallizer with suspension volume V.

1 d(N, V.
L AW V) _ G(Ln-1)¥(Ln-1) = G(La) ¥ (Ln)
VSUSP dt

+ Y Raka (10)

with W(Lo)=¥(Ly)=0. The resulting agglomeration rate
for class n is

Ne i
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The total number of particles per suspension volume unit,
which disappeared by agglomeration through mechanism &,
is

N
Rapr = ZRA‘k,n (12)
n=1

Other equations account for the rate of production of solid
mass [11], the macroscopic balance on the solute, the liquid
phase volume, and the growth rate as a function of super-
saturation.



The different relevant mechanisms for the various types
of collisions are given in Fig. 1. Agglomeration by laminar
collision is much faster than agglomeration by Brownian
collision above a size corresponding to the upper limit of
class m. Turbulent collision takes place as soon as the size of
a particle becomes larger than the Kolmogorov microscale
in the suspension, i.e., above the upper limit of class /.
Hence, the parameter number is reduced by assuming that
the marginal rates of agglomeration are equal two by two for
the particle sizes corresponding to the switching from one
mechanism to the other.

Wachi and Jones [12], Puel [13], and Ilievski and
Hounslow [14] have introduced two-property distribution
functions for crystallization. Except for simple cases, it is
generally expensive in terms of computing time when
agglomeration is involved. However, the most interesting
results of these models are the mean degrees of agglomer-
ation, which can easily be compared to experimental results.
Three average agglomeration degrees are defined as the
average number of elementary structures (crystallites, pri-
mary agglomerates, and secondary agglomerates) contained
in agglomerates (primary, secondary, and tertiary, respec-
tively). They are based on the total number of particles,
which disappeared as a consequence of the corresponding
agglomeration mechanism.

With only one mechanism and starting from particle
concentration Ny, the agglomeration degree would be

1
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With two parallel mechanisms of agglomeration with
respective global rates Ra ; rand Ra » 7, the average number

m(t) = (13)

<+“— . —>
1 m J / N,

N i
N i
AN 1
N i
AN 1
N i
AN I
N 1

Brownian \\ Not relevant (j )
]
m > {
N\ |
AN |
t ) ‘
. AN 1
Brownian N !
. AN |
i AN :
AN
¢ Laminar \ |
AN

! AN

AN
B i \\
rownian
Turbulent \\
AN

N,

c

Fig. 1. Different types of agglomerations as functions of sizes (class
numbers) of mother particles (i, j <i).

of primary agglomerates contained in secondary agglomer-
ate writes

1

R R
n—1<1+/ (Ragr +Ranr) dt)
0 No
and so on.
1
m(t) = ‘ (15)
R R R
n_ln_2<l+/ (Ragr +Ranr+ A,3.T)dt>
0 No

The key point is that these parameters can be calculated
from a single-property (i.e., particle size) distribution func-
tion.

3. Application to the crystallization from an amorphous
compound

The model is applied to the crystallization of zeolites. In
this type of crystallization, an amorphous gel is formed
immediately after mixing the reactants [15,16]. This gel is
poured into a batch crystallizer and heated at temperatures
ranging between 80 and 250 °C where the amorphous solid
transforms into a less soluble, crystalline solid. The follow-
ing assumptions are made:

(a) The crystallizer is mechanically stirred (axial stirrer
with a power number of 1 and diameter D3 =0.1 m). The
suspension behaves from a rheological point of view
like a Newtonian fluid with a kinematic viscosity close
to 10~ ®m? s~ ' at the temperature of crystallization.

(b) Amorphous particles with concentration N, and initial
size Lo=30 nm (Sp=27 nm) undergo nucleation and
increase their size via growth and agglomeration.
According to the literature [17], it is likely that the
crystallite nucleation occurs on the surface of the
existing amorphous phase, without any new primary
nucleation in the solution.

(c) The initial supersaturation in the liquid phase is oo with
respect to the crystalline phase.

(d) The suspension volume of 10 ~? m® is constant.

(e) The increase of the solid mass during the whole process
can be neglected.

(f) Dissolution of the amorphous compound is fast with
respect to crystalline growth and agglomeration.

(g) The crystal growth is independent of crystal size. Its
order is k; =1 with respect to supersaturation.

(h) Agglomeration exists with the three mechanisms
described above (Eqs. (1)—(7)). At temperatures
around 200 °C, a stirring speed of 5 s ~ ', a suspension
density of about 10° kg m ~*, and a kinematic viscosity
of about 10 ® m* s !, Eq. (4) yields /5=150 nm.
This value is smaller than the upper limit postulated
above for the primary agglomerates. The laminar—
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Fig. 2. Influence of the reduced Brownian agglomeration rate constant on
reduced final average size and degrees of agglomeration (c*=10"°,
=0.033, 6o=10, N=5s ).

turbulent transition occurs at about 50-30 um
(Kolmogorov microscale) and agglomeration stops at
3.5-2.5 mm (Taylor microscale) depending on stirring
speed (N=5-10s 1.

The above equation system is expressed in dimensionless
variables: time 0=1Go/L, with G=Goe", size A=L/L,,
average size s=S/L,, crystal concentration y,=N,/Ny,
CSD @ =YLy/N,, concentration in the liquid phase x;=Cy/
C*, supersaturation ¢ =Cy/C* — 1, and concentration of the
solid phase x,=Cy/C*.

The population balance writes for N.>n>1

dyn R 7
0= " (DP(Ay—1) —

Z szjln i i kYiYi

k=blt i=1 j=
(16)

The solid mass balance [6] is

dxs - 3m0 0 ki
dO - c* ( ) Z nVn (17)
The solute +solid mass balance is

X1 = X0 + (st_xs)/(l _st*) (18)
Four reduced parameters remain: initial fraction of solid
phase  mg= Mo/ (PsVsusp) = ®,Sy N,, initial supersatura-
tion op=x;9— 1, the solubility c*=M,C*/p;, and the
Brownian agglomeration rate constant Kap=LoNokap
(ie., Bjix=PjisloNo/Go).

The initial conditions of the above equations are

Y1 = Loyn =05 x5 =x0 = mo/(SgC*) (19)

4. Results and discussion

The integration of the equation system (Egs. (16)—(19))
is made by an upstream differentiation method DO2EAF of
the NAG library. Supersaturation, average reduced sizes (in
number and mass), reduced variances, crystal concentration
per class, and average agglomeration degrees are calculated
against time.

As it is difficult to check experimentally if an agglomerate
has been produced under laminar or turbulent conditions, an
overall laminar+ turbulent degree of agglomeration is
defined.

ﬁH»t = fllflt (20)

Figs. 2—4 show the final average mass size and the Brownian
and laminar + turbulent agglomeration degrees as functions
of the dimensionless parameters.

When 7.=1, Brownian agglomeration is the main
agglomeration mode. The increase of the Brownian agglom-
eration constant K, (Fig. 2) causes the start-up of the
laminar agglomeration mode because of the higher sizes
attained. The average mass size and the agglomeration
degree suddenly increase while the Brownian agglomeration
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Fig. 3. Influence of reduced solubility c¢* on the reduced final average size
and degrees of agglomeration (K, = 10°, me=0.033, 6o=10, N=5 s~ 1).
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degree stays constant as a consequence of the constant
Brownian—laminar transition size. The same effect is
obtained for the increase of dimensionless solubility c*
(Fig. 3), which enhances growth and thus agglomeration
rates through increased initial solute concentration at con-
stant g,. In turn, the decrease of o at constant ¢* results in
lower supersaturations and thus in smaller growth and
agglomeration rates (Fig. 4). There is no significant influ-
ence of mq (not reported).

Fig. 5 shows typical desupersaturation profiles for differ-
ent sets of parameter values. When compared with Figs. 2
and 3, it can be seen that the shapes of the curves are clearly

modified when a significant laminar + turbulent agglomer-
ation occurs. As long as the Brownian agglomeration is the
dominant mode, the curves are simply shifted to the right
side (higher reduced times) while the final agglomerate size
and Brownian agglomeration degree both increase: The
increased agglomeration reduces the surface available for
growth and the desupersaturation proceeds more slowly.
Doubling the stirring speed N during the crystallization, i.e.,
multiplying the dissipated power by a factor 8 has then
almost no effect (see Figs. 5 and 6).

If other types of agglomeration are significant (for
instance, higher values of K,,), the desupersaturation rate
is further reduced (Fig. 5). Since the agglomeration is
enhanced by higher stirring speeds, the desupersaturation
proceeds at a slower rate for N=10 s ! than for N=5s '
(Fig. 5), but the agglomeration degrees and the average final
crystal sizes are higher. However, the maximum size of
crystals is smaller at the higher stirring speed as a conse-
quence of Eq. (6). As a result, the CSD is narrower for
N=10 s ' than for N=5 s~ ' (Fig. 6).

Whereas small agglomerates (less than 1 um) are made
from elementary crystallites (see Figs. 2 and 6), which have
limited growth because all the supersaturation is consumed
at 0 <102 (Fig. 5), larger agglomerates show a quite
different aspect. Their macrostructure is of the order of
magnitude of 1 mm in size (Fig. 6) and encompasses up to
some thousands of primary agglomerates (Fig. 2). If one
looks at the micrometric scale, primary agglomerates are
made out of a quasi-constant number of crystallites, which
stay very close to their initial size (Fig. 2).

This model can be improved on different points.
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Fig. 5. Influence of parameter values (Kap, ¢*, go,N (s~ 1)), (mo=0.033) on the desupersaturation curve a/o, against time.
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The first comment addresses the expressions of the
agglomeration rate constant (Egs. (1) and (2)) for the
Brownian and laminar regimes.

In the Brownian regime, for spherical particles agglom-
erates [16]

5 2T (S; + ;)
T 3 Ss,

(1)

From the comparison of relations (1) and (21), it is obvious
that the efficiency # of collisions is assumed to be propor-
tional to the growth rate G. However, this is an approx-
imation, which holds only for small growth rates (as usual
for zeolites [17]), since # must lic between 0 and 1. The
same comment applies to laminar agglomeration. More
sophisticated expressions for u like that introduced by
Hounslow et al. [4] will probably be closer to the physical
reality.

For turbulent agglomeration, the expression of efficiency
proposed by David et al. [1], is included in Egs. (6) and (7).

An additional comment concerns the upper size of the
Brownian range /g: Our experimental observations on
zeolites suggest a higher value than 150 nm for /g, i.e.,
between 500 and 1000 nm. Thus, the Brownian regime may
be extended to sizes higher than /.

Finally, the internal porosity of agglomerates should be
considered in the model. In the case of zeolites, this porosity
generally appears to be negligible for Brownian agglomer-
ates in SEM pictures but it is significant for laminar or
turbulent agglomeration.

5. Conclusion

Agglomeration, which takes place during crystallization
of a finely divided amorphous compound into a crystalline

species, has been simulated in a mechanically stirred tank
via a model of size classes derived from the population
balance. It takes into account three mechanisms of collision
(Brownian, laminar, and turbulent) followed by sticking,
which depends on the hydrodynamic conditions and the
size of particles that collide. Agglomeration is accompanied
by crystal growth. Different degrees of agglomeration have
been defined for each mechanism. This model has been
proven to perform well and it does not require too much
computing capacity. Very different evolutions in terms
of supersaturation profiles, average size, and size distribu-
tions as well as agglomerate shapes have been simulated,
depending on agglomeration constants, solubility, initial
supersaturation, and hydrodynamics, especially stirring
speeds.

Several improvements can be achieved in the future,
taking into account the comparison of the model with
experimental results, and the efficiencies of collisions for
agglomerations.

Nomenclature

Bk Reduced agglomeration rate constant of k-type
between particles of classes j and 7 (—)

C Concentration (mol m ~3)

c* Reduced solubility (-)

C* Solubility (mol m ~ %)

D; Stirrer diameter (m)

D Particle diffusivity (m* s~ ")

f Marchal’s relative size function [1] (—)

G Growth rate (m s ")

Go Growth rate constant (m s ~ ')

k Agglomeration type (—)

ky Kinetic order of growth rate (—)

ks Boltzmann constant (J molecule ~' K~ 1)

kak Agglomeration rate constant of k-type (variable
dimension according to k)

Ky Reduced agglomeration rate constant of k-type (—)

i,j,n Class indices (—)

/ Maximum class index limit for laminar agglomer-
ation (—)

I Kolmogorov microscale (m)

Is Batchelor length scale (m)

L Particle size (m)

Ly; Average final particle size (m)

m Maximum class index limit for Brownian agglom-
eration (—)

my Initial reduced mass (-)

Moy Initial particle mass (kg)

M Solid molar mass (kg mol ~ ")

e Average number of particles per k-type agglomer-
ate (—)

N Stirring speed (s ~ ')

Ny Total initial concentration of particles (m ~°)
N, Total class number (—)

N; Concentration of particles of class j (m ~ %)
P Dissipated power per unit mass (W kg = ")



Raxn Agglomeration rate of class n for agglomeration of
type k(m s~ 1)

Raxr Global agglomeration rate for agglomeration of
type k (m > s ")

s Reduced average size (-)

S; Class average size = (L; _ 1 +L;)/2 (m)

t Time (s)

T Temperature (K)

V; Average volume of crystal of class i (m®)

Vsusp  Suspension volume (m)

X Reduced concentration in the suspension (—)

Vn Reduced particle concentration in class n (—)

Biik Agglomeration constant of k-type between par-
ticles of classes j and i (m s ~ ")

Oni Element of Kronecker matrix (—)

n Collision efficiency (—)

P Reduced particle size density function (CSD) (-)

P, Volumetric shape factor (—)

A Reduced particle size (=L/Lg) (m)

Ao Taylor microscale (m)

u Dynamic viscosity (kg m ™~ 's ")

v Kinematic viscosity (m* s~ ')

Vi jii Stoichiometric coefficient accounting for the
impact of agglomeration (j,7) on particle class n
(-)

Ds Solid density (kg m ~°)

Psusp  Suspension density (kg m ™ %)

b4 Particle size density function (CSD) (m ~ %)

a Supersaturation (—)

0 Reduced time (—)

Subscript 0 denotes initial conditions, subscript / a liquid,
subscript s a solid.
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